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1 In tro duction

The x87 
oating-p oin t instruction set includes eigh t instructions that compute a v ariet y

of trigonometric, logarithmic, and exp onen tial functions: FSIN (sin x ), F COS (cos x ),

FSINCOS (sin x and cos x ), FPT AN (tan x ), FP A T AN (arctan x ), F2XM1 (2

x

� 1),

FYL2X ( y � log

2

x ), and FYL2XP1 ( y � log

2

( x + 1)). The inheren t di�cult y of computing

these functions accurately presen ts a c hallenge in their implemen tation, v eri�cation, and

do cumen tation. Consequen tly , although this issue is not adequately addressed b y the

standard programming man uals [1 , 3], their sp eci�cations cannot realistically b e as rigid

as those of other 
oating-p oin t instructions.

In con trast, the elemen tary arithmetic op erations are fully sp eci�ed b y the IEEE

standard [2 ], whic h requires the returned v alue to b e the result of rounding the precise

mathematical v alue of the mo deled function according to a rounding mo de determined

b y the pro cessor state. F or the op erations of division and square ro ot extraction, this

is normally ac hiev ed b y �rst computing an appro ximation of the true v alue and then

determining whether it is an o v erestimate or underestimate b y applying the in v erse

op eration. F or example, giv en an appro ximation z to the square ro ot of an op erand x ,

the prop er direction of rounding ma y b e determined b y comparing z

2

to x .

F or a transcenden tal function, while there are e�cien t algorithms for computing

accurate appro ximations, the problem of correct rounding is in tractable b ecause the

in v erse function cannot b e ev aluated precisely an y more easily than the function itself.

Consequen tly , a t ypical implemen tation simply computes an appro ximation and rounds

it. Regardless of the accuracy of this appro ximation, if it happ ens to b e close to a

rounding b oundary , it ma y not round to the same result as the true mathematical

v alue. In suc h cases, the sp eci�cation of a transcenden tal instruction m ust pro vide t w o

admissible rounded results.

Error analysis of 
oating-p oin t op erations is commonly based on a measuremen t

that w e shall call exp onent-r elative err or , b y whic h the error of an appro ximation v with

resp ect to a true v alue v

0

is computed as

�

�

�

�

v � v

0

2

k

�

�

�

�

;

where k is the in teger satisfying 2

k

� j v

0

j < 2

k +1

. A related quan tit y is the ulp (unit in

the last place), whic h dep ends on the precision of the target format: for a format with

n bits of precision, an ulp (of v

0

) is the absolute error corresp onding to an exp onen t-

relativ e error of 1 = 2

n � 1

.
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In the case of the x87 transcenden tal instructions, the results of whic h are enco ded in

the double extended precision format, an ulp corresp onds to an exp onen t-relativ e error

of 2

� 63

. In tel mak es the follo wing claim regarding its pro ducts [3]:

With the P en tium pro cessor and later IA-32 pro cessors, the w orst case error

on transcenden tal instructions is less than 1 ulp when rounding to the nearest

(ev en) and less than 1.5 ulps when rounding in other mo des.

This approac h to sp ecifying the accuracy of 
oating-p oin t instructions su�ers from t w o

de�ciencies.

The �rst is the con
ation of appro ximation error and rounding error, whic h accoun ts

for the consideration of rounding mo de in the sp eci�cation quoted ab o v e. In b oth cases

listed, the error allo w ed in the rounded result is apparen tly in tended to accommo date

an error of .5 ulp in the appro ximation from whic h it is deriv ed. A more direct approac h

w ould b e to imp ose an error b ound of .5 ulp on the unrounded appro ximation and to

require that it b e rounded correctly with resp ect to the indicated mo de.

The second is in the notion of exp onen t-relativ e error itself. Although it has the

adv an tage of b eing simply related to absolute error, it is less suitable for measuring

appro ximation error than rounding error b ecause of its arbitrary dep endence on the

pro ximit y of v

0

to the nearest p o w er of 2. The most meaningful measure of the accuracy

of a n umerical algorithm, from a design or v eri�cation p ersp ectiv e, is the standard notion

of r elative err or , de�ned simply as

�

�

�

�

v � v

0

v

0

�

�

�

�

:

As a consequence of the de�nitions, if the relativ e error of an appro ximation is � , then

its exp onen t-relativ e error ma y lie an ywhere in the in terv al [ �; 2 � ). It follo ws that the

w eak est b ound on the relativ e error of appro ximation that ensures an exp onen t-relativ e

error b ound of 2

� 64

, or .5 ulp, and therefore guaran tees In tel's criterion of accuracy for

the transcenden tal in tructions, is 2

� 65

. Th us, w e prop ose the follo wing as a sp eci�cation

of correctness: The r esult r eturne d by a tr ansc endental intruction must b e derive d by

c orr e ctly r ounding an appr oximation v of the pr e cise value v

0

that satis�es

�

�

�

�

v � v

0

v

0

�

�

�

�

< 2

� 65

:

Implemen tations that meet the In tel criterion generally satisfy this sp eci�cation as w ell,

ev en though it is somewhat stricter, allo wing only one or t w o admissible rounded results

dep ending on the pro ximit y of v

0

to a rounding b oundary , whereas In tel allo ws at least

t w o admissible results and as man y as four in some cases. In fact, to da y's commercial x86

pro cessors are designed to generate appro ximations of the transcenden tal functions that

are w ell within this range of error. Ho w ev er, b ecause of the usual emphasis on e�ciency ,

their designs are based on sophisticated algorithms and optimizations that are di�cult

to analyze. Consequen tly , con�dence in their correctness cannot b e ac hiev ed without

extensiv e testing, t ypically through co-sim ulation with a trusted soft w are mo del.

The main di�erence b et w een the design of suc h a mo del and that of a hardw are

implemen tation is that since execution e�ciency of the mo del is not an o v erriding con-

cern, it ma y b e based on a simpler algorithm, one that is more susceptible to formal

analysis. On the other hand, the mo del faces the same issues with resp ect to accuracy

as the implemen tation. Th us, not only migh t a complian t implemen tation pro duce a
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result that di�ers from that of the mo del, but the mo del cannot b e exp ected in all cases

to v alidate that result with resp ect to the sp eci�cation stated ab o v e, since this w ould

require an absolutely precise computation.

Ho w ev er, if the appro ximations computed b y the soft w are mo del and the hardw are

implemen tation are b oth su�cien tly accurate, then it is p ossible for the mo del to iden tify

a range of v alues suc h that the follo wing conditions hold:

(a) Ev ery v alue in this range satis�es the sp eci�ed relativ e error b ound of 2

� 65

.

(b) The appro ximation computed b y the implemen tation ma y b e exp ected to lie within

this range.

It follo ws from (a) that for an y IEEE rounding mo de, the t w o endp oin ts of the range

either round to the same 64-bit v alue or round to t w o consecutiv e 64-bit v alues, and

from (b) that the �nal result returned b y the implemen tation coincides with (at least)

one of these rounded v alues. This pro vides a test that the implemen tation will fail if

it returns an incorrect result, and will pass if its appro ximation is as accurate as it is

supp osed to b e.

In order to mak e this strategy concrete, let v

s

and v

h

b e the appro ximations computed

b y the soft w are mo del and the hardw are implemen tation, resp ectiv ely , and supp ose that

w e ha v e a kno wn relativ e error b ound for v

s

of 2

� 68

and a conjectured b ound for v

h

of

2

� 66

, neither of whic h is unrealistic. Th us, if the precise targeted v alue is v

0

, then

v

0

(1 � 2

� 68

) < v

s

< v

0

(1 + 2

� 68

)

and

v

0

(1 � 2

� 66

) < v

h

< v

0

(1 + 2

� 66

) :

It follo ws that

v

h

< v

0

(1 + 2

� 66

) < v

s

1 + 2

� 66

1 � 2

� 68

< v

0

(1 + 2

� 68

)(1 + 2

� 66

)

1 � 2

� 68

< v

0

(1 + 2

� 65

)

and

v

h

> v

0

(1 � 2

� 66

) > v

s

1 � 2

� 66

1 + 2

� 68

> v

0

(1 � 2

� 68

)(1 � 2

� 66

)

1 + 2

� 68

> v

0

(1 � 2

� 65

) :

Th us, if the implemen tation is as accurate as adv ertised, then its appro ximation m ust

b e v eri�ably within the range

v

s

1 � 2

� 66

1 + 2

� 68

< v

h

< v

s

1 + 2

� 66

1 � 2

� 68

; (1)

and from this it follo ws that

v

0

(1 � 2

� 65

) < v

h

< v

0

(1 + 2

� 65

) : (2)

Consequen tly , correctness of the implemen tation as expressed b y (2) ma y b e v eri�ed

b y comparing the returned rounded v alue to the t w o rounded results pro duced b y the

extreme v alues of the range giv en b y (1).

Our ob jectiv e, then, is to design an algorithm that ma y b e easily understo o d and

computes a rational appro ximation that ma y b e rigorously v eri�ed to satisfy a strict

relativ e error b ound of 2

� 68

, for eac h of the functions of in terest:
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� sin x , cos x , and tan x , for �

�

4

� x �

�

4

;

� log

2

x , for x > 0;

� 2

x

� 1, for � 1 � x � 1;

� arctan x , for � 1 � x � 1.

W e ac kno wledge that the domains cited for the trigonometric instructions represen t small

subsets of the in terv als on whic h these instructions actually op erate. In fact, the claims of

accuracy are not v alid outside of these restricted domains. In particular, although FSIN,

F COS, FSINCOS, and FPT AN compute n umerical results for all op erands in the range

� 2

63

< x < 2

63

, this is ac hiev ed through a reduction pro cedure that pro duces grossly

inaccurate results for j x j >

�

4

. This problem is w ell kno wn but has b een tolerated in the

in terest of bac kw ard compatibilit y . It remains a m ystery , ho w ev er, wh y In tel insists, in

its published do cumen tation, on main taining the m yth that the reduction is designed

\to guaran tee no loss of signi�cance in a source op erand, pro vided the op erand is within

the sp eci�ed range for the instruction." [3]

In this note, w e presen t a set of algorithms for the functions listed ab o v e along

with pro ofs of the required error b ounds. All of the pro ofs are elemen tary enough

to b e readily understo o d b y a �rst y ear calculus studen t. The deep est result used is

the follo wing restricted form of T a ylor's Theorem, whic h p ertains to the T a ylor series

expansion of f ( x ) ab out x = 0, kno wn as the Maclaurin series.

Theorem 1 (T a ylor) L et f b e a function that is c ontinuous to gether with its �rst n + 1

derivatives on an interval c ontaining 0 and x. Then

f ( x ) = P

n

( x ) + R

n

( x ) ;

wher e

P

n

( x ) = f (0) + f

0

(0) � x +

f

00

(0)

2!

x

2

+ � � � +

f

( n )

(0)

n !

x

n

=

n

X

k =0

f

( k )

(0)

k !

x

k

and

R

n

( x ) =

f

( n +1)

( c )

( n + 1)!

x

n +1

;

for some c b etwe en 0 and x.

Although execution e�ciency is not our �rst priorit y , our algorithms m ust admit

implemen tations that are fast enough to b e of practical use in co-sim ulation. In most

cases, a T a ylor series appro ximation of at most sixt y-�v e terms is su�cien t for this

purp ose. The exception is arc tangen t, for whic h the T a ylor series con v erges so slo wly

that thousands of terms w ould b e required to ac hiev e the required accuracy . F or this

case, rather than app eal to more adv anced metho ds, w e refer to an elemen tary result of

H. Medina [4 ], whic h pro vides a p olynomial of degree 55 with the requisite accuracy . The

�rst theorem stated b elo w describ es a sequence of recursiv ely de�ned p olynomials h

m

( x )

of degree 8 m � 1, of whic h w e shall mak e use of h

7

( x ). The second pro vides a closed form

for the co e�cien ts of h

m

( x ) that allo ws them to b e computed indep enden tly . Neither of

the pro ofs of these results requires an y mathematics b ey ond elemen tary calculus.
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Theorem 2 (Medina) L et p

1

( x ) = 4 � 4 x

2

+ 5 x

4

� 4 x

5

+ x

6

and for m � 2 ,

p

m

( x ) = x

4

(1 � x )

4

p

m � 1

( x ) + ( � 4)

m � 1

p

1

( x ) :

L et

h

m

( x ) =

Z

x

0

( � 1)

m +1

4

m

p

m

( t ) dt:

Then for al l x 2 [0 ; 1] ,

j h

m

( x ) � ar ctan x j �

�

1

4

�

5 m

:

Theorem 3 (Medina) F or m = 1 ; 2 ; : : : ,

h

m

( x ) =

2 m

X

j =1

( � 1)

j +1

2 j � 1

x

2 j � 1

+

4 m � 2

X

j =0

a

j

( � 1)

m +1

4

m

(4 m + j + 1)

x

4 m + j +1

;

wher e

a

2 i

= ( � 1)

i +1

2 m

X

k = i +1

�

4 m

2 k

�

( � 1)

k

and

a

2 i � 1

= ( � 1)

i +1

2 m � 1

X

k = i

�

4 m

2 k + 1

�

( � 1)

k

:

2 T rigonometric F unctions

The T a ylor series for sin x and cos x are readily deriv ed from the equations

d

dx

sin x =

cos x and

d

dx

cos x = � sin x ; the inequalities j sin x j � 1 and j cos x j � 1 pro vide simple

estimates of the remainders. Note that our error b ound for these appro ximations is

strengthened to 2

� 70

so that they ma y b e used to deriv e a suitably accurate appro xi-

mation of tan x .

Prop osition 2.1 L et a 2 R with 0 < a �

�

4

and let

� =

11

X

k =1

( � 1)

k � 1

a

2 k � 1

(2 k � 1)!

:

Then

�

�

�

�

� � sin a

sin a

�

�

�

�

< 2

� 70

:

Pr oof: Applying T a ylor's Theorem, w e ha v e, for all n 2 N and x 2 R ,

sin x = P

n

( x ) + R

n

( x ) ;

where

P

2 n

( x ) = x �

x

3

3!

+

x

5

5!

� � � � +

( � 1)

n � 1

x

2 n � 1

(2 n � 1)!

=

n

X

k =1

( � 1)

k � 1

x

2 k � 1

(2 k � 1)!
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and

j R

2 n

( x ) j <

j x j

2 n +1

(2 n + 1)!

:

Th us, � = P

22

( a ) and

sin a = � + R

22

( a ) ;

where

j R

22

( a ) j �

j a j

23

23!

;

and hence,

�

�

�

�

R

22

( a )

a

�

�

�

�

�

j a j

22

23!

<

1

23!

:

On the other hand, b y the Mean V alue Theorem, there exists c b et w een 0 and a suc h

that

sin a

a

=

sin a � sin 0

a � 0

=

d

dx

sin x j

x = c

= cos c � cos

�

4

=

p

2

2

:

Consequen tly ,

�

�

�

�

� � sin a

sin a

�

�

�

�

=

�

�

�

�

R

22

( a )

sin a

�

�

�

�

=

�

�

�

�

R

22

( a )

a

�

�

�

�

�

�

�

a

sin a

�

�

�

<

1

23!

�

p

2 < 2

� 70

: 2

Prop osition 2.2 L et a 2 R with 0 < a �

�

4

and let

� =

11

X

k =0

( � 1)

k

a

2 k

(2 k )!

:

Then

�

�

�

�

� � cos a

cos a

�

�

�

�

< 2

� 70

:

Pr oof: Applying T a ylor's Theorem, w e ha v e, for all n 2 N and x 2 R ,

cos x = P

n

( x ) + R

n

( x ) ;

where

P

2 n

( x ) = 1 �

x

2

2!

+

x

4

4!

� � � � +

( � 1)

n

x

2 n

(2 n )!

=

n

X

k =0

( � 1)

k

x

2 k

(2 k )!

and

j R

2 n

( x ) j <

j x j

2 n +1

(2 n + 1)!

:

Th us, � = P

22

( a ) and

cos a = � + R

22

( a ) ;

where

j R

22

( a ) j �

j a j

23

23!

<

1

23!

:

Since cos a � cos

�

4

=

p

2

2

,

�

�

�

�

� � cos a

cos a

�

�

�

�

=

�

�

�

�

R

22

( a )

cos a

�

�

�

�

<

p

2

23!

< 2

� 70

: 2
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Prop osition 2.3 L et a 2 R with 0 < a �

�

4

and let � =

�

�

, wher e � and � ar e de�ne d

as in Pr op ositions 2.1 and 2.2. Then

�

�

�

�

� � tan a

tan a

�

�

�

�

< 2

� 68

:

Pr oof : Since

� � tan a =

�

�

�

sin a

cos a

=

� � sin a

�

+

sin a (cos a � � )

� cos a

=

sin a

�

�

� � sin a

sin a

+

cos a � �

cos a

�

;

w e ha v e

� � tan a

tan a

=

cos a

�

�

� � sin a

sin a

+

cos a � �

cos a

�

:

As noted in the pro of of Prop osition 2.2, j cos a � � j <

1

23!

, and hence

�

cos a

=

cos a � (cos a � � )

cos a

� 1 �

j cos a � � j

cos a

> 1 �

p

2

23!

>

1

2

;

whic h yields

� � tan a

tan a

=

�

�

�

�

cos a

�

�

� � sin a

sin a

+

cos a � �

cos a

�

�

�

�

�

�

�

�

�

cos a

�

�

�

�

�

�

�

�

�

� � sin a

sin a

�

�

�

�

+

�

�

�

�

cos a � �

cos a

�

�

�

�

�

< 2(2

� 70

+ 2

� 70

)

= 2

� 68

: 2

3 The Logarithmic F unction

Our appro ximation of log

2

x is based on the iden tit y

log

2

x =

ln x

ln 2

and the Maclauring series expansion of ln (1 + x ). Note that the estimate of ln 2 deriv ed

in the pro of is used again in the appro ximation of 2

x

giv en in the next section.

Prop osition 3.1 F or al l n 2 N and x 2 R , let

P

n

( x ) =

n

X

k =1

( � 1)

k +1

x

k

k

:

L et

� = � P

66

�

�

1

2

�

=

66

X

k =1

1

2

k

k

:

Given a 2 R , a > 0 , let s and b b e de�ne d by a = 2

b

s , with b 2 Z and

p

2

2

< s <

p

2 ,

and let

� = b +

1

�

P

65

( s � 1) :
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Then 0 < ln 2 � � � 2

� 72

and

�

�

�

�

log

2

a � �

log

2

a

�

�

�

�

< 2

� 68

:

Pr oof : By T a ylor's Theorem, for x > � 1,

ln(1 + x ) = P

n

( x ) + R

n

( x ) ;

where

j R

n

( x ) j =

�

�

�

�

( � 1)

n

n !

(1 + c )

n +1

�

x

n +1

( n + 1)!

�

�

�

�

=

1

n + 1

�

j x j

1 + c

�

n +1

for some c with j c j � j x j . Th us, if j x j �

1

2

, then j R

n

( x ) j ! 0 as n ! 1 and

ln(1 + x ) =

1

X

k =1

( � 1)

k +1

x

k

k

:

A stricter b ound on the remainder ma y b e ac hiev ed b y observing that

j R

n

( x ) j =

�

�

�

�

�

1

X

k = n +1

( � 1)

k +1

x

k

k

�

�

�

�

�

�

1

X

k = n +1

j x j

k

k

�

j x j

n

n + 1

1

X

k =1

j x j

k

�

j x j

n

n + 1

:

In particular,

0 < ln 2 � � = � ln

�

1 �

1

2

�

+ P

66

�

�

1

2

�

= � R

66

�

�

1

2

�

�

1

2

66

� 67

< 2

� 72

;

and

1

�

�

1

ln 2

=

ln 2 � �

� ln 2

< 4 � 2

� 72

= 2

� 70

:

Since

p

2

2

� 1 < s � 1 �

p

2 � 1 ;

j s � 1 j <

1

2

. Also note that

log

2

a = b + log

2

s;

where

�

1

2

< log

2

s �

1

2

;

and hence

b �

1

2

< log

2

a � b +

1

2

:

It follo ws that if b � 1, then log

2

a >

1

2

, and if b � 1, then log

2

a �

1

2

. Th us, wh wnev er

b 6= 0, j log

2

a j �

1

2

> j s � 1 j . Supp ose b = 0. Then log

2

a = log

2

s . If s � 1, then

j log

2

s j =

�

�

�

�

ln s

ln 2

�

�

�

�

=

�

�

�

�

1

ln 2

Z

s

1

dt

t

�

�

�

�

=

1

ln 2

Z

1

s

dt

t

�

1

ln 2

Z

1

s

dt

1

=

j s � 1 j

ln 2

> j s � 1 j :

Similarly , if s > 1, then

log

2

s =

1

ln 2

Z

s

1

dt

t

�

1

ln 2

Z

s

1

dt

s

=

s � 1

s ln 2

�

s � 1

p

2 ln 2

> s � 1 :

8



Th us, in all cases, w e ha v e

j log

2

a j > s � 1 :

Therefore,

�

�

�

�

R

n

( s � 1)

log

2

s

�

�

�

�

<

j s � 1 j

n � 1

n + 1

<

1

2

n � 1

( n + 1)

and

�

�

�

�

P

n

( s � 1)

log

2

s

�

�

�

�

�

n

X

k =1

j s � 1 j

k � 1

�

n

X

k =1

1

2

k � 1

< 2 :

No w

ln s = ln (1 + s � 1) = P

n

( s � 1) + R

n

( s � 1) ;

and hence

log

2

a = b + log

2

s = b +

ln s

ln 2

= b +

1

ln 2

( P

n

( s � 1) + R

n

( s � 1)) :

In particular,

j log

2

a � � j =

�

�

�

�

1

ln 2

( P

n

( s � 1) + R

n

( s � 1)) �

1

�

P

65

( s � 1)

�

�

�

�

�

�

�

�

�

1

ln 2

�

1

�

�

�

�

�

j P

65

( s � 1) j +

1

ln 2

j R

65

( s � 1) j

< 2

� 70

j P

65

( s � 1) j + 2 j R

65

( s � 1) j

and

�

�

�

�

log

2

a � �

log

2

a

�

�

�

�

< 2

� 70

� 2 + 2 �

1

2

64

66

< 2

� 68

: 2

4 The Exp onen tial F unction

In the prop osition b elo w, w e deriv e an appro ximation � of 2

a

based on the de�nition

2

x

= e

x ln 2

and the T a ylor series expansion of e

x

. Since our concern is the relativ e

error of � � 1 as an appro ximation of 2

a

� 1, w e establish a b ound on

�

�

�

�

( � � 1) � (2

a

� 1)

2

a

� 1

�

�

�

�

=

�

�

�

�

2

a

� �

2

a

� 1

�

�

�

�

:

Prop osition 4.1 L et a 2 R with 0 � j a j � 1 and let

� =

22

X

k =0

( �a )

k

k !

;

wher e � =

P

66

k =1

1

2

k

k

. Then

�

�

�

�

2

a

� �

2

a

� 1

�

�

�

�

< 2

� 68

:
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Pr oof : By T a ylor's Theorem, since

d

n

dx

n

e

x

j

x =0

= e

x

j

x =0

= 1 for all n , w e ha v e, for

all n 2 N and x 2 R ,

e

x

= P

n

( x ) + R

n

( x ) ;

where

P

n

( x ) = 1 + x +

x

2

2!

+

x

3

3!

+ � � � +

x

n

n !

=

n

X

k =0

x

k

k !

and

j R

n

( x ) j �

max ( e

x

; 1) j x j

n +1

( n + 1)!

:

Note that � = P

22

( �a ). Th us,

2

a

� � = 2

a

� e

�a

+ R

22

( �a )

and

�

�

�

�

2

a

� �

a

�

�

�

�

�

�

�

�

�

2

a

� e

�a

a

�

�

�

�

+

�

�

�

�

R

22

( �a )

a

�

�

�

�

:

By Prop osition 3.1, � < ln 2 < 1 and ln 2 � � � 2

� 72

. Consequen tly ,

�

�

�

�

R

22

( �a )

a

�

�

�

�

�

�

�

�

�

max ( e

�a

; 1)( �a )

23

23! � a

�

�

�

�

<

�

�

�

�

2 �

23

a

22

23!

�

�

�

�

<

2

23!

< 2

� 70

:

By the Mean V alue Theorem,

e

a ln 2

� e

�a

a ln 2 � �a

=

d

dx

e

x

j

x = c

= e

c

for some c b et w een a ln 2 and �a . But then e

c

< e

a ln 2

� e

ln 2

= 2, and hence

j 2

a

� e

�a

j = j e

a ln 2

� e

�a

j � 2 j a (ln 2 � � ) j � 2

� 71

j a j

and

�

�

�

�

2

a

� e

�a

a

�

�

�

�

� 2

� 71

:

Th us,

�

�

�

�

2

a

� �

a

�

�

�

�

� 2

� 71

+ 2

� 70

< 2

� 69

:

Next, w e shall deriv e an estimate of j (2

a

� 1) =a j . First supp ose a > 0. Applying the

Mean V alue Theorem again, w e ha v e

2

a

� 1

a

=

2

a

� 2

0

a � 0

=

d

dx

2

x

j

x = c

= 2

c

ln 2 ;

where 0 � c � a , whic h implies

2

a

� 1

a

� ln 2 :

No w supp ose � 1 � a � 0. Let f ( x ) = 2

x

� x= 2. Since f

00

( x ) = 2

x

(ln 2)

2

> 0 for all x ,

the maxim um v alue of f ( x ) for � 1 � x � 0 m ust o ccur at either x = � 1 or x = 0. But

then since f ( � 1) = 2

� 1

� ( � 1) = 2 = 1 and f (0) = 2

0

� 0 = 2 = 1, that maxim um is 1. In

10



particular, f ( a ) = 2

a

� a= 2 � 1, whic h implies j 2

a

� 1 j = 1 � 2

a

� � a= 2 = j a= 2 j and

j (2

a

� 1) =a j �

1

2

.

Th us, in all cases, j (2

a

� 1) =a j �

1

2

, and hence

�

�

�

�

2

a

� �

2

a

� 1

�

�

�

�

=

�

�

�

�

2

a

� �

a

�

�

�

�

�

�

�

�

a

2

a

� 1

�

�

�

�

< 2

� 69

� 2 = 2

� 68

: 2

5 Arc T angen t

W e emplo y t w o distinct metho ds for appro ximating arctan x , neither of whic h is su�cien t

alone for the en tire domain 0 < j x j < 1. F or j x j �

1

2

, w e use the T a ylor series, whic h

con v erges to o slo wly for argumen ts close to 1. F or j x j >

1

2

, w e use Medina's result, whic h

pro vides a b ound on absolute error from whic h w e ma y deriv e the required estimate of

relativ e error only if x is b ounded a w a y from 0.

Since the computation giv en b y Theorem 1 is un wieldy in this case, w e apply a more

direct computation in our deriv ation of the T a ylor series. The t w o metho ds ma y b e

sho wn to pro duce the same result, but this is irrelev an t to our ob jectiv e.

Prop osition 5.1 L et a 2 R with 0 � j a j � 1 and let

� =

8

<

:

P

32

k =1

( � 1)

k � 1

a

2 k � 1

2 k � 1

if j a j �

1

2

h

7

( a ) if

1

2

� a � 1

� h

7

( � a ) if � 1 � a � �

1

2

:

Then

�

�

�

�

� � arctan a

arctan a

�

�

�

�

< 2

� 68

:

Pr oof : First consider the case a �

1

2

. By the Mean V alue Theorem, for some c ,

0 � j c j � j a j ,

arctan a

a

=

d

dx

arctan x j

x = c

=

1

1 + c

2

�

1

1 +

1

4

=

4

5

:

F or n 2 N , let

Q

n

( x ) = x �

x

3

3

+

x

5

5

� � � � +

( � 1)

n � 1

x

2 n � 1

2 n � 1

=

n

X

k =1

( � 1)

k � 1

x

2 k � 1

2 k � 1

:

Beginning with the algebraic iden tit y

1

1 � z

= 1 + z + z

2

+ � � � + z

n � 1

+

z

n

1 � z

and substituting � x

2

for z , w e hace

1

1 + x

2

= 1 � x

2

+ x

4

� � � � + ( � 1)

n � 1

x

2 n � 2

+

( � 1)

n

x

2 n

1 + x

2

:

Consequen tly ,

arctan a =

Z

a

0

dx

1 + x

2

= Q

n

( a ) +

Z

a

0

( � 1)

n

x

2 n

dx

1 + x

2

;
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and hence

j Q

n

( a ) � arctan a j =

�

�

�

�

Z

a

0

( � 1)

n

x

2 n

dx

1 + x

2

�

�

�

�

�

Z

j a j

0

x

2 n

dx

1 + x

2

�

Z

j a j

0

x

2 n

dx =

j a j

2 n +1

2 n + 1

:

In particular, since � = Q

32

( a ),

�

�

�

�

� � arctan a

a

�

�

�

�

�

j a j

64

65

�

1

2

64

65

:

Th us,

�

�

�

�

� � arctan a

arctan a

�

�

�

�

=

�

�

�

�

� � arctan a

a

�

�

�

�

�

�

�

a

arctan a

�

�

�

�

1

2

64

65

�

5

4

< 2

� 68

:

No w consider the case j a j >

1

2

: If a >

1

2

, then b y Theorem 2,

j h

7

( a ) � arctan a j <

�

1

4

�

35

= 2

� 70

:

In order to establish a lo w er b ound for arctan a , w e apply the iden tit y

tan

2

� =

1 � cos 2 �

1 + cos 2 �

;

whic h yields

tan

2

�

8

=

1 �

p

2

2

1 +

p

2

2

=

2 �

p

2

2 +

p

2

=

(2 �

p

2)

2

2

<

1

4

;

i.e, tan

�

8

<

1

2

, and hence

arctan a > arctan

1

2

>

�

8

:

Th us,

�

�

�

�

� � arctan a

arctan a

�

�

�

�

=

�

�

�

�

h

7

( a ) � arctan a

arctan a

�

�

�

�

< 2

� 70

�

8

�

< 2

� 68

:

On the other hand, if a < �

1

2

, then

�

�

�

�

� � arctan a

arctan a

�

�

�

�

=

�

�

�

�

� h

7

( � a ) � arctan a

arctan a

�

�

�

�

=

�

�

�

�

� h

7

( � a ) � arctan ( � a )

arctan ( � a )

�

�

�

�

< 2

� 68

: 2
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