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A Mechanically Checked Proof of Correctness of the
AMD K5 Floating Point Square Root Microcode

David M. Russinoffl

September 29, 1997

Abstract

We present a rigorous mathematical proof of the correctness of the floating
point square root instruction of the AMD K5 microprocessor. The instruction
is represented as a program in a formal language that was designed for this
purpose, based on the Kb microcode and the architecture of its FPU. We
prove a statement of its correctness that corresponds directly with the IEEE
Standard. We also derive an equivalent formulation, expressed in terms of
rational arithmetic, which has been encoded as a formulain the ACL2 logic and
mechanically verified with the ACL2 prover. Finally, we describe a microcode
modification that was implemented as a result of this analysis in order to ensure
the correctness of the instruction.

1 Introduction

The limitations of traditional hardware validation methodology are widely recog-
nized. Experience has shown that floating point instructions, in particular, are so
complicated that it is practically impossible to ensure the correctness of even the ba-
sic arithmetic operations through simulation. Consequently, considerable industrial
interest has developed in the application of formal methods to this area.

One obstacle to formal hardware verification is the difficulty of establishing a
precise specification for a targeted operation. In many cases, the correctness of an
implementation is determined by its conformance with an industry standard “golden
model”. In the absence of an accurate behavioral description of such a model, there
is no viable alternative to testing.

With regard to floating point instructions, this observation may apply to tran-
scendal functions, but not to the more primitive operations. The IEEE Standard
for Binary Floating Point Arithmetic [6] specifies unambiguously for a variety of
functions, including the basic arithmetic operations as well as the square root, that
each operation



.. shall be performed as if it first produced an intermediate result correct
to infinite precision and with unbounded range, and then rounded that
result according to one of the modes ....

In order to express this requirement in a mathematical notation, let rnd(¢, mode, n)
denote the result of rounding a real number (, according to a given mode, to n bits
of precision, and let “o” denote binary addition, subtraction, multiplication, or
division (of the “correct to infinite precision” variety). The prescribed value to be
returned by the corresponding floating point operation, for inputs z and ¥, is then

rnd(x oy, mode,n). (1)

Although the simplicity of this specification strongly suggests its susceptibil-
ity to formal verification, this possibility remains largely unexplored. Automatic
finite-state techniques, which are commonly used to verify low-level properties of
arithmetic circuits [2, 3], are apparently inadequate for the comprehensive verifi-
cation of IEEE compliance. General-purpose theorem provers have been used to
check correctness proofs of various numerical algorithms, but in most instances, the
specification of the algorithm either ignores rounding entirely [8, 12] or is otherwise
too abstract to offer any assurance regarding its hardware implementation [4, 9].

One exception is the formal proof of correctness of a microcode-level specification
of the floating point division algorithm of the AMD K5 microprocessor by Moore
et al. [10], using the ACL2 prover [1]. In this paper, we shall present a similar
analysis of the Kb square root algorithm, which was developed at AMD by Tom
Lynch, Mike Schulte, and Ashraf Ahmed. In particular, we shall show that for a
given nonnegative floating point number P, a rounding mode mode, and a degree
of precision n, the value sqrt computed by this algorithm satisfies

sqrt = rnd(V/ P, mode,n) (2)

in compliance with the IEEE specification.

While the correctness of a hardware design can never be guaranteed by the prop-
erties of a mathematical model, a reasonable degree of reliability can be achieved
by minimizing the “semantic gap” between an abstract algorithm and its hardware
implementation. With this goal in mind, we have designed a simple formal language
based on the K5 microcode and the architecture of its floating point unit. The K5
square root instruction, which we shall represent as a program in this language, is
actually implementated as a sequence of microcode instructions that rely on exist-
ing hardware for multiplication, addition, and subtraction. Thus, the execution of
a program in our language consists mainly of evaluation of expressions of the above
form (1), in which “o” may represent any of these three operations. Furthermore,
our semantics require that the value of every such expression is representable in a
format that is accommodated by the K5 floating point unit. Consequently, once the



abstract program has been verified, the correctness of the implementation depends
mainly on the correctness of the basic arithmetic operations, which may reasonably
be assumed for this purpose.

This paper is a self-contained mathematical exposition. We begin in Section 2 by
establishing a foundation for floating point rounding. We first construct the set of n-
bit floating point numbers as a subset of the rationals. Then we define the rounding
function rnd({, mode, n), for each of seven modes, and derive its relevant properties.
The results of this section should be reusable in a variety of applications, and are
currently being applied to the analysis of the floating point unit of the AMD K7
microprocessor [11]. Presumably, these results are generally known to the floating
point design community, but we have not found them collected elsewhere in any
rigorous development. Section 2 might be used merely as a reference by the reader
who is familiar with the general theory.

In Section 3, we define our abstract language, present the square root program,
and formulate a statement of its correctness. The rest of the paper is a fairly
detailed proof of this statement. This proof is somewhat complicated, but not
deep, and could certainly be checked by any competent mathematician. However,
the traditional social process by which mathematical results are normally ratified is
inadequate in cases such as this, because of the urgent demand for the result and
the high cost of error. Therefore, following [10], we have employed the ACL2 system
to verify our results mechanically.

ACL2 is based on a logical language [7] that formalizes an applicative subset
of Common Lisp [13] and is supported by a mechanical theorem prover [1]. Since
Common Lisp, and consequently ACL2, include the rational numbers as a data type
but not the reals, we are somewhat limited in the formalization of our theorem. For
example, the Newton-Raphson formula, which is central to both the square root
and division algorithms, is based on calculus. In order to justify our application of
this formula, however, we are required to derive the relevant convergence theorem
without appealing to calculus, but rather as a theorem of rational arithmetic.

A more critical problem, which we do not share with the authors of [10], is
that because of its reference to the square root, our main theorem itself is not a
statement about the rationals, and consequently is not expressible in the ACL2
logic. The theorem of rational arithmetic that seems best to approximate (2) is the
following: For any nonnegative rational numbers { and h, if (> < P < h?, then

rnd({, mode,n) < sqrt < rnd(h, mode, n). (3)

More precise versions of (2) and (3) appear as Theorems 1 and 2, respectively, of
Section 3. As we shall see, the equivalence of these theorems can be proved easily
enough, although without the support of ACL2. Thus, our formalization effort is
directed at Theorem 2, while the consequent derivation of Theorem 1 depends on an
informal argument. Along with Theorem 2, every definition and lemma presented



in this paper (with the exception noted in Section 3) has been formally encoded
in the ACL2 logic, and every proof has been mechanically checked with the ACL2
prover.

Of course, there is a cost for the increased confidence provided by mechanical
verification. In this case, the restriction to rational arithmetic imposed by the ACL2
logic resulted in extra details in a proof that was already quite complicated. Two
months of the author’s time was spent developing the handwritten proof, including
extracting the algorithm from microcode and establishing the necessary general
theory. At least one week of this was devoted to eliminating all references to the
square root function from a preliminary version of the proof.

After the complete proof was written, a full additional month was spent checking
it mechanically. This is an empirical process, by no means automatic. In this
project, some 1400 lemmas, along with abundant hints, were ultimately used to
guide the prover successfully to the final result. Thus, each lemma that appears in
this paper corresponds (on average) to approximately fifty ACL2 lemmas.

The use of ACL2 did not expose any serious errors in the proof, which had
perhaps been written especially carefully in anticipation of the mechanical checking
process. Indeed, the most significant difference between the handwritten proof that
was subjected to ACL2 and the final version presented here is in Lemma 2.15: in
its original statement, 2 was (correctly) assumed only to be rational; the hypothesis
that z is k-exact was added only to facilitate the formal proof.

Arguing for the practical value of formal methods in computer design is some-
times difficult. Advocates of formal verification are often required to defend the
awkward position that although a design was correct from the beginning, any con-
fidence in its correctness prior to its verification was unfounded. In the present
case, however, we have been more fortunate: our formal analysis of the square root
algorithm revealed an apparent flaw, at least in the informal design rationale that
had been provided by the implementors, which was ultimately corrected through a
minor modification of the K5 microcode. After presenting the final algorithm and
our proof of its correctness, we shall describe the nature of this modification.

2 Floating Point Arithmetic

In this section, we discuss the set of n-bit normal floating point numbers, and the
function rnd, which rounds an arbitrary real number to an element of this set
according to a specified mode. For each mode, the rounded result rnd(z, mode,n)
will alternatively be denoted as mode(z,n). Thus, a rounding mode is a mapping
from the reals to the floating point numbers. We shall define seven modes, all of
which are implemented in the K5, including the four that are addressed by the IEEE
standard.



2.1 Preliminaries

The symbols R, Q, Z, and ZT will denote the sets of all real numbers, rational
numbers, integers, and positive integers, respectively.
Our definitions of the rounding modes will be based on the following:

Definition 2.1 Letz € R.

(a) The floor of x, denoted |z |, is the unique n € Z satisfyingn <z <n+ 1.
(b) The ceiling of x, denoted [z], is the unique n € Z satisfyingn > x > n<1.

Definition 2.2 Ifn € Z and d € ZT, then quot(n,d) = |[n/d| and rem(n,d) =
n<d|n/d].

We shall require the following properties of the floor and ceiling:

Lemma 2.1 Letz,y € R and n € Z.

(a) If © <y, then [z]| < |y] and [z] < [y].

(b) [] = [n] = n.

(c) If x ¢ Z, then [z] = |z] + 1.

(d) |z +n|=|z]+n and [z 4+ n] = [z] +n.

(¢) If n >0, then ||z|/n] = |z/n]| and [[z]/n] = [z/n].

Proof: We shall derive the results stated for the floor; the proofs of the corre-
sponding ceiling properties are similar:
(a)e<y=lz]<y=|z] <|y]+1=[z] <[y].

(b)n<n<n+1= [n] =n.

() |lz]<z<|z|+1l=>|z|+1>2>([z]+])el= 2] = |z] + 1

(d) [z] <z < |z]+1=>|z/+n<z+n<|z]+n+1

(e) lz] <2 = |z]|/n < z/n= ||lz]/n] < |z/n], and 2/n > |z/n] = = >

nle/n] = [¢] Znle/n] = |z]/n = |2/n] = |[x]/n] = [¢/n]. O

The following estimates will be required in later sections:

Lemma 2.2 Letz,y,6 € R, 2 > 2y >0, and é6 > 0.
(a) 2 &y(1+8) > (zy)(16); (b)) zey(l ) < (zay)(1+96).

Proof: Since y < z &y,

() zey(l+d)=rvoyeyd >z oy ez oy)
b)zey(led)=rey+tyi<reyt(zoy)

ll
P

T
T

]
]
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P

Lemma 2.3 Let z,y,6 € R. If 26 > 0, then x + y(1 <6) > (z + y)(1 0).

Proof: s + y(l ) > e+ y(led)Lré=a+yordcyd=(r+y)(1<6).0



Lemma 2.4 Let m,n € Z. If m > n, then (1 &2™)(1 &2") > 1 &2m+L,

Proof: (1 ©27™)(1©27%) = 1 &27(1 4+ 2777) £ 270 > 1 <27 (1 +2777) >
1e2mtl o

Lemma 2.5 Let m,n € Z. If n < m <0, then (1 +2™)(1+2") < 14 2m+2,
Proof: (1427)(1427) = 1427(1 427 +27) < 1427(1+1+1) < 14+27+2.0

Lemma 2.6 Letn € Z. If n < &1, then # <1427

Proof: (1627)(1+2"t1) = 1427+l o2 o220+l = | 4 2n o220l = 1 427 (1 &
2"ty > 1+ 2"(1<1) = 1.0

Lemma 2.7 Let a,b,P € R and n € Z. If (1 &2")P < a? < P and b? < 2?"72P,
then (a <b)* > (1 &2t p.

Proof: Since a?b? < 22772P?, qb < 2771 P, and hence

(aeb)? =a® ©2ab+b? > a® ©2ab > (1 ©2™")P ©2"P = (1 2" P.O

2.2 Floating Point Numbers

For the purpose of floating point representation, a real number is factored into three
components: sign, exponent, and significand.

Definition 2.3 Letz € R. If & # 0, then
(a) sgn(x) = /|x|;

(b) expo(z) is the unique integer that satisfies 2¢°7°(%) < || < 2e@polz)+1,
(c) sigle) = o|2oP0).

If . =0, then sgn(z) = expo(x) = sig(x) = 0.
The next three lemmas are immediate consequences of Definition 2.3:

Lemma 2.8 Letz € R, 2 # 0.

(a) x = sgn(x)sig(x)2c°ro(®),

(b) sgn(z) € {1,<1}, 1 < sig(x) < 2, and expo(z) € Z.

(c) If v = sm2°¢, where s € {1,&1}, 1 < m < 2, and e € Z, then s = sgn(z),
m = sig(x), and e = expo(x).

Lemma 2.9 Ifz,y € R and |z| < |y|, then expo(z) < expo(y).

Lemma 2.10 I[fz € R, 2 #0, n € Z, and y = 2"z, then
(a) sgn(y) = sgn(x);  (b) sig(y) = sig(x);  (c) expo(y) = n + expo(x).



We have the following estimate for the exponent of a product:
Lemma 2.11 Letz,y € R. Ifzy # 0, then
expo(x) + expo(y) < expo(xy) < expo(x) + expo(y) + 1.

Proof: Let m = expo(z), n = expo(y), a = sig(x), and b = sig(y). Then
vy = sgn(zy)ab2™™ and 1 < ab < 4. If 1 < ab < 2, then sig(zy) = ab and
expo(zy) = m+n;if 2 < ab < 4, then sig(zy) = ab/2 and expo(zy) = m+n+1. O

The following predicate characterizes numbers with significands that are repre-
sentable with n bits, commonly known as n-bit normal floating point numbers:

Definition 2.4 Let x € R and n € ZT. Then v is n-exact iff sig(x)2""! € Z.
The definition may be restated as follows:

Lemma 2.12 Let 2 € R and n € Zt. Then x is n-exact & x2"~1=e2polz) ¢ 7,

Lemma 2.13 Letx €¢ R, m € ZT, and n € Z. If x is m-ezact, then so is 2"z.
Proof: This follows from Lemma 2.10. O

Lemma 2.14 Let z,y € R and m,n € Zt. If x is m-exact and y is n-exact, then
zy is (m + n)-exact.

Proof: If z2m=1=epo(@) and y2n—1-e2ro(¥) are integers, then by Lemma 2.11, so
is

me—l—eacpo(x)an—l—eacpo(y) 26wpo(x)+expo(y)—|—1—expo(xy) _ wam—I—n—l—eaL’po(wy) O

Lemma 2.15 Let k,n € ZT and x € R. If x is k-ezact and x? is 2n-exact, then x
1 n-exact.

Proof: Let m be the least element of ZT such that x is m-exact, and let a =
g2m=1=ewpo(#)  Then q is an odd integer and z = a2¢7P°(#)+1=m  Gince

$2227’L—1—61’p0(l’2) a2226xpo(x)+2—2m22n—1—eacpo(ac2)

a222(n—m)—|—1—(expo(x2)—261’])0(1’)) ¥/

and a? is odd, we have 2(n <m)+ 1 > expo(a?) &2expo(z) > 0, implying m < n.O

Lemma 2.16 Letz,y € R, n€ Z1, k€ Z, and k < n. If v and y are both n-exvact
and expo(z <y) + k < min(expo(x), expo(y)), then x <y is (n <k)-exact.



Proof: Since z is n-exact and expo(zay)+k < expo(x), x27~1-(cwpolz=v)+k) ¢ 7,
Similarly, y27—1-(ezpole=v)+k) ¢ 7 Thus,

($ <:>y)2(n—k)—1—eacpo(ac—y) _ xQn—l—(el’po(w—y)—I—k) <:>>y27”a—1—(eaﬁpo(aﬁ—y)—l—k) € 7.0
Lemma 2.16 is often applied with £ = 0, in the following weaker form:

Corollary 2.17 Letz,y € R andn € Z*. If v and y are both n-exact and |v <y| <
min(|z|, |y|), then x &y is n-exact.

The next lemma characterizes the successor of a floating point number:

Lemma 2.18 Let 2t = o 4 267700 +1=n yohere 2 € R, @ > 0, n € Z, and z is
n-exact.

(a) If y € R, y > x, and y is n-exact, then y > a%; (b) a1 is n-exact.

Proof:

(a) We have 22"~ 1=¢r2(*) ¢ Z and since expo(y) > expo(z), y2"~1-erol®) ¢ 7
as well. Thus, (y <z)271=r2(*) > 1 hence y <a > 26wpo(@)+H1-n,

(b) Since 2¢ero(*)+1 > 2 and 26P(#)+1 i poexact, 29722} > 2% by (a). We
may assume 2 < 2¢°P°)+1 hence expo(xt) = expo(z). But then

x—|—2n—1—el’po(1’+) _ xQn—l—el’pO(l’) +1e€Z.O0

Corollary 2.19 Let v,y € R and n € ZT. If x and y are n-exact and and x # y,
then
expo(z <y) > min(expo(z),expo(y))+ 1-<n

Proof: Since the case xy < 0 is trivial, we shall assume that xy > 0 and, without
loss of generality, that ¥y > x > 0. But then by Lemma 2.18,

expo(y <) > expo(2°7P° =) = capo(a) + 1 ©n.O0

A normal floating point number with an n-bit significand and an m-bit exponent
is recognized by the following predicate:

Definition 2.5 Let x € R, n € Z*, and m € Z*. Then z is an (n,m)-floating
point number iff

a) z 1s n-exact, an 27+ 1 <expo(z) <270
' d (b) «2m 1t +1 2m=t

The internal operations of the AMD5x86 floating point unit are limited to
operands with 64-bit significands and 17-bit exponents i.e., (64, 17)-floating point
numbers. (This will be reflected in the semantics of the programming language de-
scribed in the next section.) However, in accordance with the IEEE standard, the
characterization of the input to our square root program is somewhat more compli-
cated, in order to allow for denormal numbers, as defined in [6]. Following [10], we
provide for denormal inputs with the following definition:



Definition 2.6 Let x € R, n € Z*, and m € ZT. Then z is a generalized
(n, m)-floating point number iff

(a) x is n-exact, and (b) 2™~ +2 &n < expo(x) < 2m7 L,

As observed in [10], the generalized (n,m)-floating point numbers for given n
and m include all of the IEEE normal and denormal numbers in the corresponding
format. The square root program must accommodate inputs in the double extended
format[5], which corresponds to n = 64 and m = 15. Thus, the hypothesis of our
correctness theorem, Theorem 1, specifies that the program input is a generalized
(64,15)-floating point number.

2.3 Truncation

The most basic form of rounding is ¢truncation, which rounds any real number toward

0.
Definition 2.7 Ifz € R and n € Z™T, then
rnd(z, trune, n) = trunce(z,n) = sgn(z)|2" Lsig(x)|267Po@) =+l
Lemma 2.20 Ifz € R and n € ZT, then sgn(trunc(z,n)) = sgn(x).
Proof: This follows from Lemma 2.8. O
Lemma 2.21 Ifz € R, 2 #0, and n € Z*, then
2| > |trunc(z,n)| > |¢| @267 =4 > )1 27,

Proof: [trunc(z,n)| < 27 Lsig(x)205Po(®)=ntl = gig(z)2070(%) = |¢|
and
[trunc(z,n)| > (2" tsig(z) @1)26001?0(1’)—7%%-1 = |z| e, 9ewpo(@)—nt1.

The last inequality follows from Definition 2.3. O
Corollary 2.22 Ifz € R and n € Z%, then expo(trunc(z,n)) = expo(x).
Proof: Since |trunc(z,n)| < |z|, expo(trunc(z,n)) < expo(z). But since
(trunc(a,n)] > |27-1]2ewpo(e)=nt1 — eapols)
expo(trunc(z,n)) > expo(z). O

Lemma 2.23 Letz € R and n € Z7.
(a) x is n-exact & x = trunc(x,n);
(b) trunc(z,n) is n-exact;
(c) If a € R, a is n-exact, and a < |z|, then a < |trunc(z,n)|.



Proof:
(a) Both conditions are clearly equivalent to [2" tsig(2)| = 2" Lsig(w).
(b) Since expo(trunc(z,n)) = expo(x), it suffices to observe that
trune(a, n)2" 1) = sgn(2) 2" sig(x)] € Z.
(c¢) Suppose a > |trunc(xz,n|. Then by Lemma 2.18,
|trunc(w,n)| < a<:>26xpo(trunc(ac,n))—n—|—l _ a<:>261’po(1’)—n—|—1 < |$| <:>26xpo(x)—n—|—1‘
But
[trune(z, n)| > (27 Lsig(x) e 1)207P0@) 74l = || mpeepolz)—ntl g

Lemma 2.24 Ifz,ye R, 0 <2 <y, n € Z", then trunc(z,n) < trunc(y,n).

Proof: By Lemma 2.21, trunc(z,n) < & < y. Since trunc(z,n) is n-exact,

Lemma 2.23 implies trunc(z,n) < trunc(y,n). O
Lemma 2.25 Letx € R and n € ZT. If x is not n-evact, then
expo(z <trunc(z,n)) < expo(z) &n.

Proof: By Lemma 2.23, z & trunc(z,n) # 0, so that 26wpole—trunc(zn)) < |4 o
trunc(z,n)|. But by Lemma 2.21, |z &trunc(z,n)| < 2¢2P0@)—n+l g

Lemma 2.26 Ifz €¢ R, m,n € ZT, and m < n, then
trunc(trunc(z,n), m) = trunc(z, m).
Proof: We assume = > 0; the case # < 0 follows easily.

trunc(trunc(a@, n)7 m) _ 9m— 1—expo 1’)( LQn—l—expo(x) xJ 261’p0(l’)+1—7’b)J 26xpo(x)+1—m

LQn 1—ezpo(xz) J/Qn—mJQSwpo(x)—l—l—m

I

= |

_ LQn 1—ezpo(® $/2n mJQSxpo(x)—I—l—m
I

gm— 1—ezpo(xz) J261’po( z)+1-m

= trunc(z,m).0

Lemma 2.27 Letz,y € R, 2 >0,y >0,k € ZT, and n = k + expo(z) Sexpo(y).
If n > 0 and x is n-exact, then

x + trunc(y, k) = trunc(x + y, k + expo(x + y) <expo(y)).

10



Proof: Since z is m-exact, p2k—1=expoly) — gon-l-ewpo(z) ¢ 7 Tet k' = k +

expo(x +y) <expo(y). Then

z+ trunc(y,k) = a4 [2F17empo)y geapo(v)+i=k
($2k—1—el’po(y) + LQk—l—expo(y)yJ )261’p0(y)+1—k

LQk_l_mpo(y)(w + y)J 26xpo(y)+1—k

LQk/_l—expo(x-l—y) ($ + @/)J Qexpo(x+y)+1_k/

= trunc(z + y,k').0

Corollary 2.28 Lety c R, e € Z, and m,k €¢ ZT. If m <k +1 and 0 < y < 2°,
then
trunc(2° 4+ trunc(y, k), m) = trunc(2° + y, m).

Proof: Since y < 2°, expo(y) < e; since 2° < 2° +y < 2°FTL expo(2° + y) = e.
Thus,
2° + trunc(y, k) = trunc(2® + y, k + e <expo(y))

by Lemma 2.27. Now by Lemma 2.26, since m < k+ 1 < k + e Seaxpo(y),

trunc(2° + trunc(y, k),m) = trunc(trunc(2®+y,k + e Sexpo(y)), m)
= trunc(2®+y,m).0

In our algorithmic language, which reflects implementation constraints, evalu-
ation of trunc(z,n) will be limited to n < 64. Since we shall require estimates
with accuracy exceeding 64 bits, it will be useful to have a means for evaluating
expressions of the form

trunc(z,n + k) Strunc(z,n)

that does not involve explicit evaluation of trunc(z,n+ k). This motivates the next
lemma:

Lemma 2.29 Letz € R, 2 > 0, and k,n € Z1, k < n. Let e = expo(z)+ 1 &n
and z = trunc(z Strunc(z,n),n). Then

trunc(z,n + k) Strunc(z,n) = [sig(trunc(2® + 2,k + 1)) <1]2°.
Proof: First note that
trunc(z, n) = (27 1Fewro(@) 3 [gerpole)lHi=n _ 9= e
and

trunc(a@,n + k) _ L2n+k—1—expo(x)xJ Qexpo(x)-l—l—(n-l—k) _ LQk—e$J ge—k

11



Now let y = @ &trunc(z,n). Then y < 2°, k+1 < n+ 1, and Corollary 2.28 yields
trunc(2® + y, k+ 1) = trunc(2° 4+ trunc(y,n), k + 1) = trunc(2® + z,k + 1).
Therefore, since 2° + y < 2°71 expo(2° + y) = e and

[sig(trunc(2®4 2z, k 4+ 1)) &1]2°
= sig(trunc(2®+ y,k+1))2° ©2° = trunc(2°+ y, k+ 1) &2°
LQk 6(26 n y)JQe k<:>26 _ LQk n Qk—eyJQe—k <:>26
( LQk e J)Qe k<:>26 _ LQk_e JQB_k
= |28z etrunc(z,n))|2°7F = 2V (x o272 2%)]2°7F
2" e e [27 0w 2|27 = (257" ) w270 272
|28z |2°7F o [27%2|2° = trunc(z, n + k) Strunc(z,n).0

2.4 Away Rounding

Rounding away from 0 is defined as follows:
Definition 2.8 Ifz € R and n € Z™T, then
rod(z, away, n) = away(x,n) = sgn(x)[2" ' sig(x)] 207+,
Lemma 2.30 For any z € R, sgn(z) = sgn(away(z)).
Proof: This follows from Lemma 2.8. O
Lemma 2.31 Ifz € R, 2 #0, andn € Z*, then
2] < Jaway(z, )| < [o] + 2774 < |g|(1 4 277+,

Proof: |away(z,n)| > 27 'sig(x)267P(@) =41 = gig(z)267ro(*) = ||
and
laway(z,n)| < (2" Lsig(x) + 1)26ePo(@)=n+l = 4| 4 gezpol@)—ntl g
Lemma 2.32 Letz € R and n € Z+.
(a) x is n-exact < ¥ = away(x,n);
(b) away(z,n) is n-exact;
(c) If a € R, a is n-exact, and a > |z|, then a > |away(z,n)|;

Proof:
(a) Both conditions are clearly equivalent to 2" 1sig(z) € Z.
(b) Since sig(z) < 2, [2" !sig(x)] < 2". If equality holds, then

away(z,n) = sgn(z)267P@)+

12



hence expo(away(z,n)) = expo(z) + 1, and
away(x7n)Qn—l—expo(away(x,n)) _ Sgn(x)Q”_l c 7.

Otherwise, |away(z,n)| < 2e7po(@) 41 hence expo(away(z,n)) < expo(z), and we
need only note that

away(z,n)2" 1 7P) = sqn(2)[27 sig(2)] € Z.
(c¢) Suppose a < |away(x,n|. Then by Lemma 2.18,
laway(z,n)| > a + 227D =rH1 > || . pezvola)=n+
But
laway(z,n)| < (2" Lsig(x) + 1)26ePo(@)=n+l = 4| 4 gezpol@)—ntl g
Corollary 2.33 |away(z,n)| < 262Po(@)+1,
Proof: This follows from Lemma 2.32(c). O
Lemma 2.34 Ifz,yc R, 0< 2 <y, n € Z", then away(z,n) < away(y,n).

Proof: By Lemma 2.21, away(y,n) > y > z. Since away(y,n) is n-exact,
Lemma 2.32 implies away(y,n) > away(z,n). O

Lemma 2.35 Ifz € R, m,n € ZT, and m < n, then
away(away(z,n), m) = away(x, m).

Proof: We may assume z > 0. Consider first the case away(z,n) = gerpo(z)+1,
In this case, away(z,n) is m-exact, so that away(away(z,n), m) = away(z,n) =
2erpo(@)+1 - By (orollary 2.33, we need only show that away(z,m) > gerpo(z)+1,
But since m < n, away(z, m) is n-exact, and since away(z, m) > x, away(z, m) >
away(z,n).

Thus, we may assume away(z,n) < 27+ and expo(away(z,n)) = expo(z),
hence

away(away(z,n),m) = [271=ewo x)([Qn—l—expo(x)$“261’])0(1’){—1—71)“26xpo(x)+1—m
[[2n= 1= ewpo(@) ] jgn=m] geepo(s)+1=m

[gn=1-czpo(z) , fon—m] gezpo(z) +1-m

[m—1=eepo(a) | gewpola) +1-m

= away(z,m).0

13



2.5 Near Rounding

Our next mode rounds to the nearest representable number. Ambiguities are re-
solved by forcing the least significant bit to 0:

Definition 2.9 Let x € R, n € ZT, z = [2" 7 lsig(z)], and f = 2" Lsig(x) & 2.
Then

trunc(z,n) if f<1/2

away(z,n) if f>1/2

trunc(z,n) if f=1/2 and z is even
away(z,n) if f=1/2 and z is odd.

rnd(x,near,n) = near(z,n) =

Lemma 2.36 Letz € R and n € Z+.
(a) If |z Strunc(z,n)| < |z Saway(z,n)|, then near(z,n) = trunc(z,n).
(b) If |z trunc(z,n)| > |z Saway(z,n)|, then near(z,n) = away(z,n).
Proof: We may assume that 2"~ lsig(z) ¢ Z, for otherwise
trunc(z,n) = away(xz,n) = near(z,n) = .
Let f=2""1sig(x) & |27 'sig(z)|. Then

|z <trunc(z,n)| = |z|<ltrunc(z,n)
Qexpo(x)-l—l—n(Qn—lSig(w) o LQ”_lsig(x)J )
26xpo(ac)+1—nf

and

|z away(z,n)| = |away(z,n)| &|z|
= gezpola)tlon(fon=lgig(2)] 2" Lsig(z))
_ 26xpo(x)+1—n(1 <:>f)

Thus, (a) and (b) correspond to f < 1/2 and f > 1/2, respectively. O

Lemma 2.37 Let v,y € R and n € ZT. If y is n-exact, then |x &yl > |v &
near(z,n)|.

Proof: Assume |z ©y| < |z ©near(xz,n)|. We shall only consider the case 2 > 0,
as the case x < 0 is handled similarly.

First suppose near(z,n) = trunc(z,n). Since near(z,n) < z, we must have
y > near(z,n) and hence y > z by Lemma 2.23. But since away(z,n) <z >
z <near(z,n) by Lemma 2.36, we also have y < away(z,n), and hence y < z by
Lemma 2.32.

In the remaining case, near(z,n) = away(z,n) > z. Now y < near(z,n) and
by Lemma 2.32, y < z. But in this case, Lemma 2.36 implies y > trunc(z,n), and
hence y > a by Lemma 2.23. O
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Lemma 2.38 Let v,y € R and n € ZT. If0 < z < y, then near(z,n) <
near(y,n).

Proof: Suppose < y and near(z,n) > near(y,n). Then Lemma 2.37 implies
x > near(y,n), otherwise @ < near(y,n) < near(z,n) and |z <near(y,n)| < |z &
near(z,n)|. Similarly, y < near(z,n), and thus near(y,n) < z < y < near(z,n).
Applying Lemma 2.37 again, we have z < near(y,n) > near(xz,n) <z, and hence
2z > near(x,n)+ near(y,n). Similarly, near(z,n) <y > y <near(y,n), and hence
near(z,n) + near(y,n) > 2y. Consequently, 2z > 2y, contradicting z < y. O

Lemma 2.39 Letz,y € R, 0 <z <y, and n € Z*. If near(z,n) # near(y,n),
then for some a € R, x <a <y and a is (n+ 1)-exact.

Proof: We may assume expo(z) = expo(y), for otherwise the conclusion of
the lemma is satisfied by a = 2°7P°(*)+1 " Suppose near(z,n) # near(y,n). Then
near(z,n) < near(y,n) by Lemma 2.38. Let a = (near(z,n)+ near(y,n))/2. Then
z < a, for otherwise |z <near(y,n)| < |z &near(z,n)|, contradicting Lemma 2.37.
Similarly, y > a.

It remains to show that a is (n + 1)-exact. Let e = expo(z) = expo(y). By
Lemma 2.32, a < near(y,n) < away(y,n) < 2°7 and hence expo(a) < e. There-
fore, it will suffice to show that a2("t1)=1=¢ = ¢2"—¢ ¢ Z. Since near(z,n) and

near(y,n) are n-exact and
e = expo(trunc(z,n)) < expo(near(xz,n)) < expo(near(y,n)),
we have near(x,n)2""'7¢ € Z and near(y,n)2"~'7¢ € Z. It follows that
a2"¢ = (near(z,n) + near(y,n))2" "¢ € 2.0
We shall apply Lemma 2.39 in the following form:

Corollary 2.40 Let a,z,y € R, n,k € Z*, and n > k. If a is (n + 1)-ezact, and
0<a<z and 0 <y < a+ 277 =" fhep near(z, k) > near(y, k).

Proof: By Lemma 2.38, we may assume & < y, so that a < 2 < y < a4257o(®)=7n,
By Lemma 2.18, @ and a + 257°(4)=" are successive (n + 1)-exact numbers, hence
near(z, k) = near(y, k) by Lemma 2.39. O

2.6 Odd Rounding

0dd rounding is defined as truncation followed by setting the least significant bit:
Definition 2.10 Let 2 € R, n € Z%, and z = [2" ' sig(x)]. Then

sgn(x)z2ewpo(@)+1-n if z is odd

rnd(z,odd,n) = odd(x,n) = { sgn(x)(z + 1)265P0@) 1= if 5 s even,
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The following is an obvious consequence of the definition:

Lemma 2.41 Ifz € R and n € Z*, then |odd(x,n)| > [trunc(z,n)|.

The definition may be reformulated as follows:

Lemma 2.42 Ifz € R, n € Z,

and n > 1, then

odd(z,n) = trunc(z,n 1) + Sgn(x)Qexpo(x)+1_n‘

Proof: Let » = |2" 1sig(z)].

trunc(z,n&1) =

If 2 is odd, then |Z] = 25 and

trunc(z,n <1)

If 2 is even, then |$| = 5 and

trunc(z,n <1)

Lemma 2.43 Ifz € R, n € Z,

Then

sgn(x LQn 2—ezpo(xz) J26$p0(l’)+2—n
sgn(x LQn 1—ezpo(® x/QJQSl’po(x)—l—Z—n

(z)
(z)

Sgn(x)HQ” 1—ezpo(x) J/2J26$po(x)+2_n
(z)

sgn(x \‘ JQBl’pO x)—|—2—n‘

<1
— Sgn(x)z—Qel’po(x)—l—Z—n

= sgn(z)(z e1)20re@)Fl-n
= Odd(x7 n) <:>Sgn(x)25xp°(l’)+1—n.

Sgn($)§26xpo(w)—l—2—n

= sgn(z)(z 4 1 o1)2ewpel@)Flon
= odd(x,n) e sgn(z)2°P@+ - O

x#0, andn > 1, then

(a) sgn(odd(xz,n)) = sgn(z);

(b) expo(odd(x,n)) = expo(x

Proof:

).

(a) This is an immediate consequence of Definition 2.10.
(b) Since trunc(z,n < 1) and 25241 are both (n < 1)-exact and

trunc(w, n <:>1) < 26xpo(trunc(x,n—1))+1 _ 261’p0(1’)+17
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Lemma 2.18 implies
2eP0@) L > trune(z,n o1) + 2000@H=0=1) 5 odd(z, n),
and hence exzpo(odd(z,n)) < expo(z). But since odd(z,n) > trunc(z,n <1),
expo(odd(x,n)) > expo(trunc(z,n 1)) = expo(z).0

Lemma 2.44 Ife € R, n€Z, x >0, andn > 1, then odd(x,n) is n-exact but not
(n<1)-exact.

Proof: Since trunc(z,n <1)is (n < 1)-exact,

Qn_1_6$po(x)0dd($,n) _ 2”_1_6xp°($)[trunc(ac,n <:>1) + 26xpo(x)—|—1—n]
= 202" @ ez, n 1)) + 1

is an odd integer. O
Lemma 2.45 I[fz € R, n,m € ZT, x >0, and n > m, then
trunc(odd(xz,n), m) = trunc(z, m).

Proof: Let e = expo(x) = expo(odd(xz,n)). Then

trunc(odd(z,n),n 1) = [2"7?"odd(z,n)|2°T*"
— LQn 2— e(LQn 2—e J26+2—7’L_|_26+1—7’L)J26+2—7’L
— \‘ on-— 2— €r J 26+2 n

— 2n 2—e J26+2 n

= trunc(z,n 1),
and by Lemma 2.26,

trunc(odd(z,n),m) = trunc(trunc(odd(z,n),n<1),m)
= trunc(trunc(z,n<1),m)

= trunc(z,m).0

Lemma 2.46 Letz,y € R, 2 >0,y >0,k € Z, andn = ksl+expo(z)sexpo(y).
Ifk>1,n>0, and z is n-exact, then

z +odd(y, k)= odd(z + y,k + expo(z + y) <expo(y)).
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Proof: Let k' = k + expo(z 4 y) <expo(y). Then by Lemma 2.27,

e+ odd(y, k) = x4+ trunc(y,k o1)+ 200reW)+1=k
= trunc(z 4+ y,k o1+ expo(z + y) Sexpo(y)) + 2reW)+1-k
= trunc(z +y, k' 1)+ geapo(z+y)+1-Fk'
= odd(z + y,k").0

Lemma 2.47 Letx,y € R witha >y >0 and m,k € Z withms2 >k > 0. Then
(a) trunc(z, k) > trunc(odd(y, m),k);
(b) away(z, k) > away(odd(y,m), k);
(c) near(x, k) > near(odd(y,m), k).

Proof:
(a) By Lemmas 2.24 and 2.45, since > y and m > k,

trunc(z, k) > trunc(y, k) = trunc(odd(y, m), k).
(b) Note that away(z, k) and trunc(y, m <1) are both (m <1)-exact. Since
away(z, k) >z >y > trunc(y,m 1),

away(x, k) > trunc(y, m <1) 4+ 25722 =0=1) 5 odd(y, m)
by Lemma 2.18. Thus, by Lemma 2.32,

away(z, k) > away(odd(y, m), k).

(c) We shall apply Corollary 2.40, substituting m <2 for n, trunc(y, m <1) for
a, and odd(y, m) for y. To establish the hypotheses of the corollary, we note that

me2> k>0,

trunc(y, m<1)is (m <1)-exact,
0 < trunc(y,mel)<y<uz,

and

0< Odd(y7 m) = tTUTLC(y, m <:>1) + 261’p0(t7°unc(y7m_1))_m+1
< trunc(y, m <:>1) + Qexpo(trunc(y,m_l))_(m_Q)‘

Consequently, near(z, k) > near(odd(y, m), k). O
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2.7 Other Rounding Modes

The TEEE specification supports the rounding modes trunc, near, and two others:
Definition 2.11 Ifz € R and n € Z™, then

away(z,n) x>0
trunc(z,n) x <O0.

rnd(z,inf,n) = inf(z,n) = {

Definition 2.12 Ifz € R and n € Z™, then

. . ) trunc(z,n) x>0
rnd(x, minf,n) = minf(z,n) = { away(z.n) < 0.
Definition 2.13 An element of the set {trunc,inf, minf, near} is called an IEEE
rounding mode.

In our application, the modes inf and minf will be be applied only to positive
arguments and are therefore subsumed by away and trunc, respectively.

Although it is not used in any critical way, one other rounding mode occurs in
the square root algorithm and therefore must be mentioned here:

Definition 2.14 Givenz € R and n € Z7, let z = [2" Lsig(x)|. Then

trunc(z,n) if z is odd
away(z,n) if z is even.

rnd(x, sticky,n) = sticky(xz,n) = {

Every application of sticky rounding that occurs in FSQRT is trivial, i.e., the
first argument is exact with respect to the second. Therefore, the only property of
this rounding mode that we shall require is the following, which is an immediate
consequence of Lemmas 2.23 and 2.32:

Lemma 2.48 Letx € R and n € ZT. If x is n-exact, then sticky(z,n) = x.

3 Specification of the Algorithm

3.1 Informal Description

The square root algorithm computes an approximation to the square root of a
given nonnegative number. The inputs to the algorithm are the radicand P, a
rounding mode mode, and a degree of precision prec. At termination, the value of
the variable sgrt is rnd(\/]_D, mode, prec). In most cases, the computation involves
21 multiplications and 15 additions; the worst case requires 23 multiplications and
16 additions.

The algorithm consists of the following steps:
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(1)

3.2

If P = 0, then the algorithm simply terminates with sgrt = 0. Otherwise,
proceed to (2).

An initial approximation rg to 1/\/]_3, accurate to 5 bits, is derived from a
table.

Using 7 as a seed, three successive Newton-Raphson iterations yield increas-
ingly accurate estimates of 1/v/ P: ry, 5, and rs.

(Test for exactness) The product r3P is truncated to 64 bits and rounded
away to 32 bits, to produce two approximations to v/P, denoted by ¢ and ¢q,
respectively. If P has a floating point square root, then it must coincide with
the 32-bit approximation ¢g. In this case, execution terminates with the value
rnd(qo, mode, prec). Otherwise, proceed to (5).

(Refinement) The 64-bit approximation ¢ is accurate to 39 bits. A correction
term res is computed as an approximation to v/ P <¢q. The resulting estimate
q + res is accurate to 74 bits.

(Final Computation) A test is applied to determine whether ¢+ res is close to
a 64-bit rounding boundary. If not, then execution terminates with the value
rnd(q+ res, mode, prec). Otherwise, further analysis is required to handle the
boundary cases.

Formalization

The algorithm is represented in Figure 1 as a program in a simple programming
language. The ACL2 formulation of the correctness of the algorithm requires a
rigorous definition of the syntax and semantics of this language, which we shall
only sketch here.

The language is based on two types of expressions:

(1)

(2)

A Boolean expression is either of the following:

(a) e =y, x <y,or z <y, where z and y are variables or constants;

(b) aApB, aVF,or ~a, where @ and [ are Boolean expressions.
A numerical expression is one of the following:
(a) rnd(z,mode,n), rnd(x +y, mode,n), or rnd(xy, mode,n), where z and y

are variables or constants, mode is a rounding mode, and n is an integer
satisfying 0 < n < 64;

(b) sig(z), where z is a variable;
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if P =0 then sgrt «— 0
else
(* table access *)

ro — lookup(P)

(* 1st NR iteration *)
Py, — trunc(P,32)
sg — away(roPp,32)
to — away(3ro,32)
ug — away(sorg, 32)
vy — trunc(3 Sug, 32)
r1 — trunc(voto, 32)

(* 2nd NR iteration *)
s1 — away(ri Py, 32)
t1 — away(3ry,32)

uy — away(siry, 32)
vy — trunc(3 Suq, 32)
ro — trunc(vity, 32)

(* 3rd NR iteration *)
s9 — away(rq P, 64)

ty — away(3ry,64)

ug — away(sarz, 64)
vy — trunc(3 Sug, 64)
rg — trunc(vaty, 64)

(* test for exactness *)
q — trunc(rsP,64)
qo — away(rsP,32)
Py — sticky(q?, 64)
remg — sticky(P <Py, 64)
if remg = 0 then
sqrt — rnd(qo, mode, prec)

else (* refinement *)
dif f — near(q <qo,64)
g2 — near(2qo, 64)
prod — away(qadif f,64)
sq — away(dif f%,64)
t3 — near(3rs,64)
remy — sticky(remg <prod, 64)
remsy — trunc(remy <sq,64)
res «— odd(remats, 64)

(* final computation *)
rooty — trunc(q + res,64)
root; — near(q+ res,64)
rooty — away(q+ res,64)
used — trunc(rooty <q,64)
end — trunc(res <used, 64)
ulp — trunc(rooty &rooty, 64)
aeb — trunc(ulp + end,9)
bits — sig(aeb)
if bits ¢ {2278 14271 ©278} then
sqrt — rnd(q + res, mode, prec)
else if mode # near then
det — away(rootzyroots, 64)
if P> det
then sqrt — rnd(root; + end, mode, prec)
else sqrt < rnd(rooty + end, mode, prec)
else (* mode = near *)
det — trunc(rootiroots, 64)
if P < det then
sqrt — near(rooty 4+ end, prec)
else if bits = 2 <27 then
ends — trunc(gend,64)
sqrt — near(rooty + ends, prec)
else sqrt < near(rooty <end, prec)

Figure 1: The Square Root Algorithm: Inputs are P, mode, and prec; Output is

sqri.
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(¢) lookup(z), where z is a variable.

We define a statement list to be a list (s1,52,...,8,), n > 1, where for i =
1,...,n&1, s; is an assignment statement of the form
w— I,

where w is a variable and F is a numerical expression, and s,, is either an assignment
statement or a conditional statement of the form

if B then ) else R,

where B is a Boolean expression and @) and R are statement lists.

A program in our language is a pair P = ([, .5), where [ is a list of input variables
and S is a statement list.

Pending the definition of the function lookup (Section 4), the definition of the
value of a (Boolean or numerical) expression for a given set of variable bindings is
obvious. In support of our previous claim that this formal language resembles the
K5 microcode, we note (looking ahead to Definition 4.2) that all operations involved
in expression evaluation are easily implementable at the microcode level, including
the predefined arithmetic primitives (which are presumed to be IEEE-compliant),
the extraction of various floating point fields, and a simple table reference.

It is also a straightforward exercise to define the function ezecute, which returns
the final set of bindings for all of the variables of P, execute(P,V), produced by
executing P under a given list of input bindings V. Recall, however, that the
architecture of the AMD5x86 floating point unit requires that the evaluation of
any numerical expression results in a (64,17)-floating point number. We shall say
that P executes successfully for a given list of input bindings if this constraint is
satisfied.

3.3 Statement of Correctness

The discussion to follow will be based on a fixed execution of F.SQ RT determined
by a given set of values for the input variables P, mode, and prec. It is easily verified
by inspection of Figure 1 that in any execution of F.SQ RT, each program variable
is assigned a value at most once. Thus, any reference to a program variable will be
understood unambiguously to refer to the value of that variable produced by this

execution. Our objective is to prove the following theorem, which represents the
IEEE specification [6]:

Theorem 1 Let P be a generalized (64,15)-floating point number, P > 0. Let
mode be an IEEE rounding mode and let prec € ZT, prec < 64. Then FSQRT
executes successfully on (P, mode, prec) and

sqrt = rnd(\/]_D, mode, prec).
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However, because of its reference to the square root, Theorem 1 is not formaliz-
able in the ACL2 logic, which does not provide for the real numbers. The theorem
of rational arithmetic that best approximates Theorem 1 is the following:

Theorem 2 Let P be a generalized (64, 15)-floating point number, P > 0 Let mode
be an IEEE rounding mode and let prec € ZT, prec < 64. Let {,h € Q such
that £ > 0, b > 0, and (> < P < h?. Then FSQRT executes successfully on
(P, mode, prec) and

rnd({, mode, prec) < sqrt < rnd(h, mode, prec).

The equivalence of these two theorems can be proved easily, although without the
support of ACL2. The proof of Theorem 2 as a consequence of Theorem 1 requires
only the monotonicity of mode, which is guaranteed by Lemmas 2.24, 2.34, and 2.38.
The converse implication, which is of greater concern to us, can be derived from the
well known property of the real numbers that every nonempty interval contains a
rational, along with the following result:

Lemma Let z,y € R and let mode be an IFEF rounding mode. Assume z is
irrational and ¥ > 0. Then for every n € Z%, there exists § > 0 such that if
ly x| < 6, then rnd(y, mode,n) = rnd(z, mode, n).

Proof: Let a = trunc(z,n+ 1) and b = a + 2°°P°(2)=", By Lemmas 2.18, 2.21,
and 2.23, @ and b are (n + 1)-exact and since z is not, 0 < a < = < b. We shall
show that the conclusion of the lemma is satisfied by ¢ = min(z <a,b<z).

The case mode = near is covered by Corollary 2.40. We need only consider the
modes trunc and away, which subsume inf and minf.

Suppose mode = trunc. By Lemma 2.26, trunc(z,n) = trunc(a,n). By
Lemma 2.24, trunc(a,n) < trunc(y,n). Since trunc(y,n) is n-exact by Lemma
2.23, trunc(y,n) < a by Lemma 2.18. But now it follows from Lemma 2.23 that
trunc(y,n) < trunc(a,n), hence

trunc(y,n) = trunc(a,n) = trunc(z,n).

For the case mode = away, it follows from Lemmas 2.18, 2.31, and 2.32 that
b = away(x,n+1), hence away(z,n) = away(b,n) by Lemma 2.35. By Lemma 2.34,
away(y,n) < away(b,n). Since away(y,n) is n-exact, away(y,n) > b. But now
Lemma 2.32 implies away(y,n) < away(b, n), hence

away(y,n) = away(a,n) = away(x,n).0

Proof of Theorem 1: Suppose sqrt # rnd(\/]_D, mode, prec). Since Theorem 2
precludes the case VP = { = h € Q, we may assume that /P is irrational. Choose
6 as specified by the lemma above.
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Suppose sqrt < rnd(v/P, mode, prec). Choose a rational £ in the interval (v P <
é, \/]_3) Then (? < P and

rnd({, mode, prec) = rnd(\/]_D, mode, prec) > sqrt,

contradicting Theorem 2.
Similarly, if sgrt > rnd(\/F, mode, prec), then we choose a rational A in the
interval (v/P,v/P + 6), which must satisfy h? > P and

rnd(h, mode, prec) = rnd(\/]_D, mode, prec) < sqrt,

again contradicting Theorem 2. O

Our goal, then, is to prove Theorem 2. In order to facilitate the ACL2 formal-
ization, we meticulously avoid any reference to /P in the statements and proofs of
the lemmas to follow. Moreover, all of the results of Section 2 remain valid if every
reference to R is replaced by Q. Thus, our proof of Theorem 2 is based entirely on
rational arithmetic. In fact, with the exception of Theorem 1 and its lemma, every
definition, lemma, and theorem presented in this paper has been formally encoded
in the ACL2 logic, and every proof has been checked mechanically with the ACL2
prover.

Henceforth, we shall assume that P, mode, and prec satisfy the hypothesis of
Theorem 2. Note that in the case P = 0, we have sqrt = 0 and Theorem 2 holds
trivially. Thus, we shall further assume that P > 0. In the next five sections, we
shall show the value of s¢rt is as specified in the theorem. Then, in Section 9,
we shall complete the proof by demonstrating that the required exponent bound is
satisfied by the value of each numerical expression.

4 Initial Approximation

ro — lookup(P)

The initial approximation to 1/v/P, rq, is based on a table, each entry of which
associates a 7-bit key with a 6-bit value. The key is determined by the least signifi-
cant bit of expo(P) and the most significant 6 bits of the fractional part of sig(P).
The associated value is interpreted as the fractional part of sig(rg).

We shall represent the table as two sequences of 2 integers each, corresponding
to the two possible values of rem(expo(P),2):

Definition 4.1 & and O are the following sequences of binary integers:
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£ = (000000, 111111,111110,111101,111100,111011, 111010, 111001,
111000,110111,110111,110110,110101, 110100, 110011, 110011,
110010, 110001, 110001, 110000,101111,101111, 101110, 101101,
101101,101100, 101011, 101011,101010, 101010, 101001, 101001,
101000, 100111, 100111,100110, 100110, 100101, 100101, 100100,
100100, 100011, 100011, 100010, 100010, 100010, 100001, 100001,
100000, 100000,011111,011111,011111,011110,011110,011101,
011101,011101,011100,011100,011011,011011,011011,011010)

© = (011010,011001,011001,011000,010111,010111,010110,010101,
010101,010100,010100,010011,010011,010010, 010001, 010001,
010000, 010000,001111,001111,001111,001110,001110,001101,
001101,001100,001100,001011,001011,001011, 001010, 001010,
001001, 001001,001001,001000,001000,001000, 000111, 000111,
000111,000110,000110,000101,000101,000101, 000101, 000100,
000100, 000100, 000011, 000011,000011,000010, 000010, 000010,
000010, 000001, 000001, 000001, 000001, 000000, 000000, 000000},

which will be denoted as
&= <Oéo,...,0é63>

and

0= <ﬁ07' . '7ﬁ63>-

Let e = expo(P), b = rem(e,2), h = quot(e,2), s = sig(P), and ¢ = trunc(s,7).
Then sig(rg) will be derived from the table by

siglro) = 1427 %, ifb=0
RIOV= 142768 ifb=1,

where i = 25(¢ <1). To compute expo(rg) = expo(1/+/P), we note that

B S (XS VI
VP o 22kt V2bs

where 1 < 2/v2%s < 2. Thus, expo(rg) = <{h + 1) except when b = 0 and s = 1,
in which case expo(rg) = <h. This motivates the following:

Definition 4.2 Let e = expo(P), b = rem(e,2), h = quot(P,2), s = sig(P),
c = trunc(s,7), and i = 25(c &1). Then

(14+27%;)/2"*" ifb=0andi#£0
lookup(P) = { (1427 %a;)/2" ifb=1=0
(142766;,) /2 if b= 1.
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The table values were actually computed as

1
a; =26 (trunc [si <7) ,7] <:>1)
I\V1 41276

and

6 . 1
0, =2 (trunc [szg (W) ,7] <:>1) .

Using this information, we could easily show that

1 1
lookup(P) = 2 "trunc (—,7) = trunc | —m————,7,
p(P) /b Virune(P,7)
from which our desired estimate, Lemma 4.2, could be directly derived. However,

like all of our results, this lemma must be proved without any reference to the square
root function.

The only approach left open to us requires considerable computation. The re-
sults of this computation are collected in the next lemma. Each inequality stated
in the lemma has been checked mechanically and will not be proved here.

Lemma 4.1
(a) Fori=1,...,63,

1272 <(1+27%) 14+ 27 %)% 4 < (1+27%G + 1)) (1 +27%)? /4 < 1+ 277
(b) For i =0,
1279 <(14+27%)(14+2 %2 < (1+27% + 1)(14+27%)* <1+ 275
(c) Fori=10,...,63,
1279 <(1+27%)(1+2753,)%/2 < (1 + 270G+ 1)(14+2756;)%/2 < 14275,
Lemma 4.2 |1 & Prd| <275,

Proof: Let e, h, b, s, ¢, and ¢ be defined as in Definition 4.2. By Corollary 2.22
and Lemma 2.21, exzpo(c) = expo(s) = 0 and ¢ < s < ¢+ 275, But

14+27% =1+2%%cel)=c,
hence
1+27% <s< 142756 +1).
Consider the case b =0, ¢ # 0. In this case,
Pri = 2°s(lookup(P))? = 22hs(1 4+ 276a;)2 /2242 = s(1 4+ 27%;)?/4,
and hence, using the above estimate for s, we have
(1+27%)(1+27%)? /4 < Prg < (1+27%G 4+ 1))(1 + 27%;)?/4,

and the descired inequality follows from Lemma 4.1(a).
The two remaining cases are similar. O
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5 Newton-Raphson Approximation

5.1 Recurrence Formula

Given an initial approximation rg of a root of a differentiable function f, the Newton-
Raphson formula
f(ri)

frri)
produces, under suitable conditions, a quadratically convergent sequence of esti-
mates. We are interested here in the function

f(z)=1/2* &P,

which has a unique positive root 1/v/P. In this case, the recurrence formula reduces
simply to

Tip1 =T &

Tir1 = %(3 o Pri).

As noted earlier, however, our statement and derivation of the relevant convergence
theorem must be limited to rational arithmetic. The following result is sufficient
for our purpose:

Lemma 5.1 Let P,z € Q with 0 < P2? <4 and let y = 2(3 & Pa?). Then
0<1ePy <(lepPs?)

Proof: Let U = Px?. Then
Pa? U
lePy? =1 @Tx(ii sPr?)? =1 e, &U)%

Since U < 4,
0> (U1 (U 4)=U? <602 4+ 9U <4,
hence
4> U e6U+9U = U3 <U)?,
and it follows that 1 < Py? > 0.
Since
H(1elU)e(lePy?) = 48U +4U* 244+ U3 <U)?
UP «20% + U
U(U <1)?
0,

v

1&Py? <(1&U)? =(1<P2?)? O

We shall apply Lemma 5.1 in estimating the values of the variables r{, r9, and
r3, which are produced by three iterations of the Newton-Raphson formula, using
ro as a seed. Of course, due to rounding error, these values will not be precisely as
predicted by the formula.
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5.2 First Iteration

The first Newton-Raphson iteration yields an approximation ry, based on the seed
To:

Py, — trunc(P,32)

sg — away(roPp,32)
to — away(3ro,32)

ug — away(sero, 32)
vy — trunc(3 Sug, 32)
r1 — trunc(voto, 32)

Lemma 5.2 |1 & Pr?| < 2710(1 4+ 2716),

Proof: The proof of the inequality uses Lemmas 4.2 and 5.1, as well as 2.13,
2.21, 2.31, 2.2, 2.4, and 2.5.
First, we have
P1e273h) <P, <P,

roP(1 273 < rgPy < 5o < roPyu(14 2721 < rgP(1 4+ 273,

and
raP(1 <273 < soro < up < soro(1+ 2721 < rdP(1+ 273N < 2 P(1 4+ 27%).
Note that Prg < 1+27° < 3/2, and therefore uy < 3. Thus,
vo <3 eug <3eriP(1e273) < (3eriP)(14 273,

and

(3 &ug)(1 27 > (3erdP(1+27%))(1 w273
(3eriP)(1e272)(1 27 > (3eriP)(1 ©2728).

v >
>

Since 79/2 is 32-exact, tg = ro/2.Thus,
r1 < votg < %(3 @T%P)(l + 2_31),

and

Pr2 PT(QJ 2 o2 —29
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Since Pr3 < 1427° < 4, Lemma 5.1 yields PTTS(3<:>7‘(2)P)2 < 1, hence Pr? < 1+4+27%
and 1 < Pri > 2729,

Similarly,
r1 > voto(1 ©2731) > %0(3 SreP)(1 .27 B) (1627 > %0(3 erdP)(1e277).
Thus,
Pr(zJ

P 2
Pr? > %(3 SriP)2(1 0272 > 203 6r2P)2(1 ©272),

4
and by Lemmas 4.2 and 5.1,

P 2
lepPr? < 1@%(3 SrdP)(1 <272

Pr2 Pr2
(1 @%(3 <:>r(2)P)2) + 2—26%(3 erip)?

2—10 + 2—26
27191+ 27190

IN

5.8 Second Iteration

The second Newton-Raphson iteration uses the same sequence of operations and
roundings as the first, producing an approximation ry:

s1 — away(ri Py, 32)
t1 — away(3ry,32)

uy — away(siry, 32)
vy — trunc(3 Suq,32)
ro — trunc(vity, 32)

Lemma 5.3 |1 & Pr3| <2720(1 4 275).

Proof: The proof is nearly identical to that of Lemma 5.2: with ry, s1, ¢, uq,
v1, and 7o substituted for rg, sg, to, ug, vo, and rq, respectively, the same argument
yields

lePr; >«

and
2 PT% 2 P2 —26
Pri > T(3 SriP) (1e27°).
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Applying Lemmas 5.1 and 5.2, we have

P 2
lepr? < 1 @%(3 er2P)(1 272
P2 P2
(1 @%(3 <:>rfP)2) + 2—26%(3 =12 P)?

2—20(1 + 2—16)2 + 2—26
2—20(1 _I_ 2—14 _I_ 2—6)
271+ 27%).0

AN VAN VAN

5.4 Third Iteration

The final Newton-Raphson iteration requires higher precision than the first two, us-
ing 64-bit rounding and replacing P, with P, to produce an approximation accurate
to 39 bits:

s9 — away(rq P, 64)

ty — away(iry,64)

ug — away(syry,64)
vy — trunc(3 Sug, 64)
rg — trunc(vaty, 64)

In addition to its high precision, r3 is guaranteed to be an underestimate of

1/VP:
Lemma 5.4 0 < 1&Pri <279,
Proof: The proof is similar to that of Lemma 5.2. First, we have
roP < 89 < roP(1 42752
and
P3P < 59719 < uy < sara(1 + 2_63) < T%P(l + 2_63)2 < T%P(l + 2_61).
By Lemma 5.3, we may also conclude that uy < 3. Thus,
9 <3 uy < 3<:>7‘%P
and

(3 euz)(1e27%) > 3eriP(1+27%)(1 &27%)
(3eriP)(1e27)(1e27%) > (3eriP)(1e27%).

V2

(VALY
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Since 75/2 is 32-exact, ty = r9/2.Thus,
r3 < waly < %2(3 &715P)

and hence, by Lemmas 5.1 and 5.3,

2 Pr3 2
lePr; > 1 @T(ii SryP) > 0.

Similarly,
rs > vata(1 ©2753) > %2(3 &r2P)(1 270)(1 2276%) > %3(3 ©r2P)(1e27%),

and hence
2 PT% 2 o2 —58
Prs > T(3 SryP)(1e277°).

Finally, by Lemmas 5.1 and 5.3,

P 2
lep? < 1 @%(3 Sr2P)(1e27%)
Prl Prl
1 @%(3 or2P)? 4 2—58%(3 or2p)?

S 2—40(1_|_2—5)2_|_2—58
< 27%.0

6 Exactness Test

The Newton-Raphson result provides a first approximation to /P, namely r3P.
This product is rounded to 64 and 32 bits to produce g and ¢g. We shall show that
if P # ¢2, then P does not have a floating point square root (Lemma 6.5), and that
in this case, ¢ is an underestimate, accurate to 38 bits (Corollary 6.6).

q — trunc(rsP,64)
qo — away(rsP,32)
Py — sticky(q2, 64)
remg — sticky(P <Py, 64)
if remg=20
then sqrt — rnd(qo, mode, prec)
else

Lemma 6.1 0 < P &¢% < 2738P,

31



Proof: By Lemmas 2.21 and 5.4,
¢ < (raP)? = P(Pr3) < P
and
¢* > (r3P)*(127%)% = P(Pr3)(1627%)* > P(1e27%)(1e27%)? > P(1e27%).0

Lemma 6.2
(a) lg ©q] <27%%sP;  (b) (¢ &q)* <27°°P.

Proof:
(a) |q <:>(]0| < |q <:>7‘3P| + |(]0 <:>7‘3P| < 7‘3P(2_31 + 2_63) < 2_307‘3P.
(b) [ &qol* <27(riP)P < 27%P. O

Lemma 6.3 remg = P &¢2.

Proof: Lemmas 2.32, 2.14, and 2.23 guarantee that gp is 32-exact, ¢2 is 64-
exact, and Py = g3, respectively. By Corollary 2.17, in order to show that P < Py
is 64-exact, it suffices to show |P < ¢2| < min(P,¢2). But

P 43 (P =¢*) + (90 ©9)(90 + q)
278 P 4 (273 P)(r3P + r3P(1 + 27°h)
2P 4 (2703 P)(3r3P)
—38P + 9= 28P

2727p

P

VAN VAN VAN VAN VAR VAN

and
@G> >(18278)P>277P > |Pad

The lemma now follows from Lemma 2.23. O

Thus, Theorem 2 holds in the special case remg = 0:

Lemma 6.4 Let {,h € Q such that { > 0, h > 0, and (* < P < h%. If remg = 0,
then
rnd({, mode, prec) < sqrt < rnd(h, mode, prec).

Proof: In this case, we have sqrt = rnd(qo, mode, prec). By Lemma 6.3, P =
qe, hence { < qo < h. The result now follows from the monotonicity of mode
(Lemmas 2.24, 2.34, and 2.38). O

Lemma 6.5 If remg # 0, then P = 2% has no floating point solution.
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Proof: We shall derive a contradiction from the assumption P = a?, where a is
a floating point number. By Lemma 2.15, a is 32-exact. Since a? > r2P? a > r3P,
and hence a > ¢9 by Lemma 2.32. It follows that a > ¢y, and Lemma 2.18 yields
a > qo + 2¢7P0(20) =31 Thyg,

a<q > 26xpo(q0)—31 > 2_32(]0 > 2—32(]‘
But by Lemma 6.1,

P<:>(]2 P <:>f]2 2—38q2
a<>q = < < s
a+q 2q (1 ©2738)2¢

27384.0

Henceforth, we shall assume remg # 0. Note that in view of Lemma 6.5,
Lemma 6.1 can now be written as a strict inequality:

Corollary 6.6 0 < P &¢? < 2738P,

7 Refinement

In this section, we shall compute a correction term res to be added to ¢, produc-
ing an estimate that is accurate to 74 bits (Lemma 7.7). We also show (Corol-
lary 7.10) that rnd(q + res, mode, prec) is an underestimate of the desired result

rnd(v/P, mode, prec).

We begin with the following observation:
Lemma 7.1 P(1277) < [¢+ (P <¢*)%]” < P.
Proof: We first note that

2
T3

2
T—S] = Peie(Ped)grse(P <:>q2)2Z

P@[H(PWQ)Q

= %(P ¢4 4qr3 (P <¢*)ri]
= %(P ¢4 edqrs + ¢*ri o Pri
= (P2 qr)? S Prd)
By Lemma 5.4 and Corollary 6.6,
1> Pr2> g > (12278)Pri > (122791 227%) > (1 27%)%

and hence 1 > gr3 > 1 <2738,
But then by Lemma 5.4,

0<(2eqr)’ ePr;<(1+27%)P o(1627) <1427 a1 4279 <2795,
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Finally, by Corollary 6.6,

2
0< P <:>[q + (P @qZ)g—f’] < %2—38132—35 =2"7p0O
Thus, we would like to compute res simply by rounding (P <»¢?)r3/2. However,
since our floating point operations are limited to 64-bit operands, we cannot com-
pute P < ¢? directly. Our strategy is to derive a close approximation by using the
identity
Peqd = (Peg) <20(q <) ©(q <)

dif f — near(q <qo,64)

q2 — near(2qg,64)

prod — away(qadif f,64)

sq — away(dif f%,64)

t3 — near(3rs,64)

remy — sticky(remg < prod, 64)
remy — trunc(remy < sq,64)
res «— odd(remsyts, 64)

Lemma 7.2 ¢ &qg is 32-exact.
Proof: First suppose ¢ is 32-exact. Then by Lemma 6.2,
g Sq0] <273 P < (1627%)rP < g < g

and the lemma follows from Corollary 2.17. Therefore, we may assume that ¢ is not
32-exact. Let a = away(q,32). We shall show that a = ¢o.

Since a is 64-exact and a > ¢, a > r3P by Lemma 2.23. Similarly, a > ¢9 by
Lemma 2.32. But since gg is 32-exact and g9 > ¢, Lemma 2.32 also implies ¢y > a.
Thus, g0 = a = away(q, 32).

But now, by Lemma 2.31, ezpo(q<qo) < expo(q)<32, hence Lemma 2.16 applies
with n = 64 and £ = 32. O

Lemma 7.3 No rounding is required in the calculation of dif f, g2, prod, sq, t3, or

remsy, i.€.,
(a) diff = q 407 (@) sq = dif f* = (g &g0)*;
(b) g2 = 2qo; (€) ts = 373

(¢c) prod = qadiff = 2q0(q = q0); (f) remy = (P <¢2) ©2¢0(q ©q0)-
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Proof: (a), (b), (¢), (d),and (e) are trivial consequences of Lemmas 7.2, 2.14,
2.32, and 2.23.
To prove (f), we shall show that ¢ is 59-exact, where

¢ =remg eprod = (P <q@) <20(q<qp) = (P o)+ (¢2q0).

Since qg is 32-exact, Lemma 2.14 implies ¢2 is 64-exact, i.e., q%?GS_expo(qg) € Z. But
since g2 > ¢? > P/2, we have

expo(qg) > expo(q®) > expo(P) &1,

hence q3264—61’po(P)

€ Z. Since P is 64-exact, this implies
(P <:>q3)264—61’p0(P) _ P264—expo(P) <:>q3264—61’p0(P) c7Z.

By Lemma 2.11, 2expo(q) > expo(q*) &1 > expo( P) <2. Therefore, since ¢ is
64-exact, qo is 32-exact, and expo(q) < expo(qo),

200(q o) 2°7EPP) = gu231=epo() (g )23 epola)g2erpola)—ewno( P2 ¢ 7,
Combining these results, we have
(995-cwpolP) _ (P <:>q3)295—6xp0(]3) =200(q <:>q0)295—6xp0(P) c 7.
But since ( = (P <¢?) + (¢ ©¢o)?, Corollary 6.6 and Lemma 6.2 imply
(<278p4270p < 2737p,

hence expo(() < expo(P)<37. Thus,

CQSS—BZ’])O(C) 6295—61’170(]3)26xpo(P)—37—expo(C) € 7.0

Corollary 7.4 remg = trunc(P <q?,64).

Proof: remy <sq = (P ©¢2) ©20(q & q) < (¢ q)? = P ¢ O
Lemma 7.5 (q+ remy%)? < P.

Proof: This follows from Lemma 7.1 and Corollary 7.4. O

Lemma 7.6 (remg)? < 2777¢2,

Proof: By Lemma 2.21, Corollary 7.4, Lemma 5.4, and Corollary 6.6,

2 2
(T€m2%)2 < (P <:>q2)2%3 < 2_76P2%3 =27Pp(Pri)<27P <2770
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Lemma 7.7 (¢ + res)? > (1 &27™)P.
Proof: By Lemma 2.41, Lemma 2.21, and Corollary 6.6,

Tres

v

trunc(remgg—?’, 64) > remQ%S(l =275

v

(P <:}(]2)7‘2_3(1<:>>2—63)2 Z (P <:>q2)%’>(1 <:>>2—62)

(P <:>q2)r2—3 @2—3813;32 62 — (P &¢?) 23 eo-10lp,,

v

hence

2
(¢+ res) [q + (P <q ) 5 =910 p, ]

We shall apply Lemma 2.7, substituting ¢ 4+ (P <¢*)% for a, 2719 Pr for b, and
<75 for n. Under these substitutions, we have

(1e2MP < d® = [q +(P @qz)%’r <P
by Lemma 7.1, and
b2 = 2720 (pp2)p < 97202p L 9-152p _ g¥n2p
by Lemma 5.4. Thus,
(q+res)? > (aeb)? > (12" P = (127 PO
Lemma 7.8 ¢+ res = odd(q + remy ,m) for some m > 102.
Proof: By Lemmas 2.11 and 7.6,
expo(rems 7‘2_3) < %expo(Q_qu) < %(Qexpo(q) +1e77) = expo(q) < 38.
In particular, since ¢ is 64-exact, ¢ is also n-exact, where
n =641+ expo(q) @ewpo(remgg) > 64.
Hence, by Lemma 2.46,
g+res = g+ odd(remg%)’, 64)
= odd(q+ remQ%S, 64 + expo(q + remQ%S) Sexpo(remy fracrs2)).
where

64 4 expo(q) <expo(rems T—S)

2
64 4 38 = 102.0

v

64 + expo(q + rems 7‘2_3) <:>eacp0(rem2%3)

vV
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Corollary 7.9 ¢ + res is not 101-ezact.
Proof: This follows from Lemmas 7.8 and 2.44. O

Corollary 7.10 Let h € Q. If h > 0 and h? > P, then rnd(q + res, mode, prec) <
rnd(h, mode, prec).

Proof: By Lemma 7.5, h > ¢+ remy5:. Since 10262 > 64 > prec, the corollary
follows from Lemma 2.47. O

Lemma 7.11 Let {,h € Q. If{ >0, h > 0, and (> < P < h?%, then
£<:>261’po(q—|—res)—72 < q+tres< h+ 261’p0(q+7’65)—101‘
Proof: The first inequality is a consequence of Lemma 7.7: since
(< P<(qg+res)?)(1027™) < (g+res)? /(1272

(< (g+7es)/(127™) < (g4 res)(1+277) < (q + res) 4 267polatres) =72,

The second inequality is derived from Lemmas 7.8, 2.42, and 7.5: since

q+ res = odd(q+ remQ%S, m) > trunc(q + remg%)’, m),
3 3
expo(q + res) > expo(trunc(q+ remz s m)) = expo(q + T@ng).

Thus,

q+res<q+ remQT—S + 26xpo(q—|—7°em2 %’)—101 < h+ 26xpo(q—|—7°es)—101“:|
- 2

8 Final Computation

It follows from Lemma 7.7 and Corollary 7.10 that g + res is sufficiently accurate
except when it is only slightly less than a rounding boundary. In order to test for
this condition, g + res is rounded to 64 bits using the modes trunc, near, and away,
yielding rootg, and rooty, and roots, respectively. Thus, g + res lies in the interval
between the successive 64-exact numbers rootg and rooty. (Corollary 7.9 guarantees
that these two numbers are distinct.) There are two rounding boundaries of concern:
the midpoint of the interval and roots.

The approximate location of ¢ + res relative to this interval is given by the
variable bits, the fractional part of which represents the first 8 bits of ¢ 4+ res that
are lost in the truncation to rooty (Lemma 8.7). Thus, there are two values of this
bit sequence that are handled specially: 11111111 and 01111111, corresponding to
bits = 2278 and bits = 1 + 27! <278 respectively. We shall show that for all
other values, the correct result is given by rnd(q + res, mode, prec). The proof will
then be completed by considering each exceptional case separately.
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8.1 Test for Boundary Cases

rooty — trunc(q + res,64)
root; — near(q+ res,64)
rooty — away(q+ res,64)
used — trunc(rooty <q,64)
end — trunc(res <used, 64)
ulp — trunc(rooty &rooty, 64)
aeb — trunc(ulp + end,9)
bits — sig(aeb)
if bits ¢ {2278 1 +271 278}
then sqrt — rnd(q + res, mode, prec)

Lemma 8.1 rooty = trunc(q + remy=:, 64).

Proof: This is an immediate consequence of Lemmas 7.8 and 2.45. O
Corollary 8.2 root} < P.

Proof: This follows from Lemmas 8.1 and 7.5. O
Lemma 8.3 res Sused = (q + res) &rooty.

Proof: We shall show that used = rooty <¢ as an application of Corollary 2.17.
Thus, we must show that |rooty < ¢| < min(rootg, q). The proof will be based on
the estimate

73 73
|rooty <q| < |rooty < (q + rem25)| + |7‘em2?|.

By Lemma 7.6, (7‘67722%1)2 < 2777P, and by Lemmas 2.21 and 7.5,
(rooty <(q + 7‘6ng))2 <2715 + remsy %3)2 < 271%p,
It follows that
(rooty <q)* < (|rooty <(q + remy %3>| + |rem2%|)2
< dmaz|(rooty <(q + 7‘6ng))2, (remQ%S)z] <277P.
But by Lemma 6.1, ¢ > 27! P, and by Lemma 2.21

rootd > (q + T€m2%)2(1 2792 > *(1e27%)? > 272pO
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Lemma 8.4 ulp = rooty <rooty = 267po(atres)=63

Proof: By Lemmas 2.23 and 2.32 and Corollary 7.9, rootg and rooty are 64-exact
and g + res is not. Thus, rooty < ¢ + res < rooty. Let b = rooty + gexpo(qtres)—63
By Lemma 2.18, b is 64-exact and rooty > b. But by Lemma 2.23, b > ¢ + res, and
by Lemma 2.32, b > rooty. Thus, b = rooty. O

Lemma 8.5 rooty + end = trunc(q + res,m) for some m > 128.

Proof: By Lemma 2.25, expo(q + res &rooty) < expo(q + res) <64, and by
Lemmas 8.3 and 2.27,

rootg + end = rooty + trunc(q + res <rooty, 64)
= trunc(q+ res,64 + expo(q + res) Sexpo(q + res <rooty)).0

Corollary 8.6 0 < end < ulp.
Proof: By Lemmas 7.9 and 8.3, end > 0; by Lemmas 7.9, 8.4, and 8.5,
rootg + end < g + res < rooty = rootg + ulp.O
Lemma 8.7 trunc(q + res,72) = rooty + (bits <1)ulp.

Proof: We shall invoke Lemma 2.29 with @ = ¢+ res, n = 64, and kK = 8. In
this case, we have trunc(z,n) = rooty and e = expo(q + res) <63. By Lemma 8.3,

z = trunc(q + res &rooty, 64) = trunc(res Sused, 64) = end,

and hence
trunc(2° + z,k + 1) = trunc(end + ulp,9) = aeb.

Thus, Lemma 2.29 yields

trunc(q + res, 72) Srooty = (sig(aeb) <1)2° = (bits < 1)ulp.0
Corollary 8.8 Let (,h € Q. If( >0, h >0, and (* < P < h?, then

( o9cwpolgtres)=70 - rootg + (bits &1 )ulp < h + gewpo(gtres)—101

Proof: Let e = expo(q + res). By Lemma 2.21,
g+ res =27 < ooty + (bits & 1)ulp < q + res.
Thus, by Corollary 7.11,
(226770 « 0 596772 m9e— Tl g+ res =27 < ooty + (bits < 1)ulp

and

h4 25710 > g 4 res > trunc(q + res, 72) = rootg + (bits < 1)ulp.O
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Corollary 8.9
(a) If bits < 14 271 then q + res < rooty + ulp/2, root; = rooty, and end <

ulp/2;
(b) If bits > 1 +27Y, then q + res > rootg + ulp/2 and root; = rooty;
(c) If bits > 1 4+ 271, then end > ulp/2.

Proof: Let m = (rootg + rootz)/2 = rootg + ulp/2. Note that m is 65-exact.

(a) If bits < 1+ 27%, then trunc(q + res,72) < m, hence ¢ + res < m by
Lemma 2.23, and Lemma 2.36 implies root; = rooty. By Lemma 8.5, rootg + end <
m.

(b) In this case, ¢+res > trunc(q+res, 72) > m. By Corollary 7.9, ¢+res > m,
and root; = rooty by Lemma 2.36.

(c) Since bits is 9-exact and expo(bits) = 0, bits > 1 + 27! implies bits >
142714278 Thus,
q + res > rootg + (bits & 1)ulp > rooty + (2_1 + 2_8)ulp = rooty + ulp/2 + 271,
But now by Lemmas 8.5 and 2.21,
rootg + end > ¢ + res 257127 > ooty + ulp/2 + 2677 267127 5 pooty + ulp/2.0

Lemma 8.10 Let (,h € Q such that { > 0, h > 0, and (* < P < h?. If bits ¢
{26278 1+ 271 278} then

rnd({, mode, prec) < sqrt < rnd(h, mode, prec).
Proof: In this case, sqrt = rnd(q + res, mode, prec). By Corollary 7.10,
rnd(q + res, mode, prec) < rnd(h, mode, prec).
Thus, we need only show
rnd({, mode, prec) < rnd(q + res, mode, prec).

Note that 1 < bits < 2 and bits is 9-exact. Since bits # 2 <278 we must have
bits < 2 <277 if not, then according to Lemma 2.18, bits > 2 <277 would imply

bits > 2277 4278 = 2278,

hence bits > 2 <278, which in turn would imply bits > 2.
Let e = expo(q + res) = expo(rooty). Then ulp = 2793 and by Corollary 8.8,

< rootg + (1 @2_7)26_63 + 2770 — rooty + ulp = root,.
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For the case mode = inf, the desired inequality follows from Lemmas 2.35
and 2.34:

rnd({, mode,prec) = away(l,prec) < away(rooty, prec)
away(away(q + res,64), prec) = away(q + res, prec)

= rnd(q+ res, mode, prec).
For the case mode € {trunc, minf}, note that since
trunc(l,64) < { < rooty = rooty + ulp,
trunc({,64) < rootg by Lemma 2.18. Thus, by Lemmas 2.23 and 2.26,

rnd({, mode, prec) = trunc({,prec) = trunc(trunc({,64), prec)
< trunc(rooty, prec) = trunc(trunc(q + res, 64), prec)

= trunc(q+ res,prec) = rnd(q + res, mode, prec).

Finally, consider the case mode = near. Let m = rooty + ulp/2. Then m is 65-
exact by Lemma 2.18 and since m < rooty < 27! by Corollary 2.33, expo(m) = e.

Suppose bits > 1 4+ 271, Then m < ¢ + res by Corollary 8.9. Now since
{ < rooty = m + 2°7%, Corollary 2.40 implies

rnd({, mode, prec) = near({, prec) < near(q+res, prec) = rnd(q+res, mode, prec).

We may assume, then, that bits < 1+271. By hypothesis, bits # 1 +271 <278,
If bits > 1 4+ 271 <277, then by Lemma 2.18, we would have

bits > 14271277428 =1 4271 29278

hence bits > 1 + 271 <278, which in turn would imply bits > 1+ 271, Thus, we
may further assume that bits < 14 27" <277, By Corollary 8.8,

{ < rootg + (2_1 @2_7)26_63 + 26770 — pootg + 2754

Since rootg < q + res, the result again follows from Corollary 2.40. O

8.2 Boundary Cases

The objective of this section is to complete the proof of the inequalities stated in
Theorem 2. The cases mode # near and mode = near are handled separately in
the following two lemmas. Note that in view of Lemma 8.10, we may assume that
bits is one of the two boundary values, 2 <278 and 1 + 27! <278,
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else if mode # near then
det — away(rootzrooty, 64)
if P> det
then sqrt — rnd(rooty + end, mode, prec)
else sqrt — rnd(rooty + end, mode, prec)

Lemma 8.11 Let {,h € Q such that { > 0, h > 0, and (* < P < h%. If mode #
near, then
rnd({, mode, prec) < sqrt < rnd(h, mode, prec).

Proof: We consider two cases, corresponding to the branches of the conditional
statement above.

Case 1: P > det
Let e = expo(q + res). Since bits < 2, Lemma 8.8 implies

< rooty + ulp + 2e=70 rooty + 2ulp = rooty + ulp.

Since P > root3, P > root3 by Lemma 6.5, and hence i > root.
Substituting root, for £ in Lemma 8.8, we have

rooty <2770 < rooty 4 (bits < 1)ulp,
hence
bits > 14 (rooty <rooty <2°770) fulp = 14 (ulp ©2°7 ) Julp = 2277 > 1+ 275

By Lemma 8.9, root; = rooty, and hence sqrt = rnd(root; + end, mode, prec). Note
that by Corollary 8.6, rooty < rooty + end < rooty + ulp.

Let b = rooty + 262Po(root2)=63  Than b > rooty + ulp and by Lemma 2.18, roots
and b are successive 64-exact numbers. By Lemmas 2.18 and 2.32,

away(rooty + end, 64) = away(rootz + ulp,64) = b < away(h,64),
and by Lemma 2.35, it follows that
away(rooty + end, prec) = away(rooty + ulp, prec) < away(h, prec).
By Lemmas 2.18 and 2.23,

trunc(rooty + end, 64) = rooty > trunc((,64),
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and by Lemma 2.26, it follows that
trunc(rooty + end, prec) = trunc(rooty, prec) > trunc({, prec).
If mode = inf, then
sqrt = away(rooty + end, prec) = away(rooty + ulp, prec)
and since { < rooty + ulp,
away({, prec) < away(rooty + ulp, prec) < away(h, prec).
If mode = minf or mode = trunc, then
sqrt = trunc(rooty + end, prec) = trunc(rooty, prec)
and since rooty < h,
trunc({, prec) < trunc(rooty, prec) < trunc(h, prec).

Case 2: P < det

Since P is 64-exact, P < away(root3,64) implies P < root3 by Lemma 2.32,
hence { < rooty. By Lemma 8.2, rooty < h. In this case, sqrt = rnd(rooty +
end, mode, prec), and by Corollary 8.6,

rooty < rooty + end < rootg + ulp = roots.
If mode = inf, then by Lemmas 2.32 and 2.35,

sqrt = away(rooty + end, prec) = away(away(rooty 4+ end, 64 ), prec)

= away(rooty, prec)
and

away(L, prec) = awaylaway(l,64), prec) < away(rooty, prec
y(l,p ylaway(,64), p y P
< away(away(h,64), prec) = away(h, prec).

If mode = man f or mode = trunc, then by Lemmas 2.23 and 2.26,

sqrt = trunc(rooty + end, prec) = trunc(trunc(rooty 4+ end, 64), prec)

= trunc(rooty, prec)
and

trunc(l,prec) = trunc(trunc(l,64), prec) < trunc(rooty, prec)

IN

trunc(h, prec).0
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else (* mode = near *)
det — trunc(rootiroots, 64)
if P < det then
sqrt — near(rooty 4+ end, prec)
else if bits = 2 <27% then
ends — trunc(gend,64)
sqrt — near(rooty + ends, prec)
else sqrt < near(rooty <end, prec)

Lemma 8.12 Let {,h € Q such that { > 0, h > 0, and (> < P < h?. If mode =
near, then
rnd({, mode, prec) < sqrt < rnd(h, mode, prec).

Proof: Let e = expo(q + res) = expo(rooty),
m = rootg + ulp/2 = (rooty + rootz)/2,

and
m' = rooty + ulp/2.

We shall proceed by a case analysis based on the structure of the algorithm. In
each case to be considered, the computed value of sqrt is near(, prec) for some
£. We shall see that this value always lies within one of the following three inter-
vals: (rootg, m), (m,rooty), and (rooty, m'). Note that if («, ) is any one of these
intervals, then a is 65-exact and a < § < a + 2699() =64 Ty, according to
Corollary 2.40, in order to prove

near({, prec) < near(§, prec) < near(h, prec),

it suffices to show (a) @ < £ < 3, (b) £ < 3, and (¢) h > a.

Case 1: P > det, bits = 2 =278

(a) & = rooty + ends, where 0 < ends < ulp/16, hence rooty < £ < m'.

(b) By Corollary 8.8, { < rootg + (bits <1 )ulp +2°77° < m'.

(c) By Lemma 8.9, root; = rooty, and so P > trunc(root3,64). Since P is
64-exact, P > root: by Lemma 2.23, hence h > roots.
Case 2: P > det, bits = 1 + 271 o908

(a) £ = rooty <end. Since 0 < end < ulp, m < £ < roots.

(b) By Corollary 8.8, { < rootg + (bits & 1)ulp 4+ 2°77° < roots.

(¢) By Lemma 8.9, root; = rootg, hence P > trunc(rootgroots,64) and by

Lemma 2.23, P > rootgroot,. But then by Lemma 2.18, since rootgroot; and P are
both 128-exact,

P > roolgrooty 4 267P0(rootoroot2) =127 5 o1 oot + 2267127
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But
rootgroot; = (m @26—64)(7” n 26—64) — ;2 92128

and hence
P> m? e2e128 4 92e12T o 2

Thus, k > m.

Case 3: P < det, bits =2 <278
(a) £ = rooty + end. By Corollary 8.9, m < £ < roots.
(b) Since P < rootirooty < rooty, P < root3, hence { < root,.
(¢) By Corollary 8.8, h > rootg + (bits < 1)ulp <2°71° > rooty + ulp/2 = m.

Case 4: P <det, bits =1+ 271 <278

(a) Again, we have £ = rooty 4+ end. But in this case, by Corollary 8.9, rooty <
&< m.

(b) By Corollary 8.9, root; = rootg. As we observed under Case 2,

rootyrooty = m? <2271 2,
But in this case, P < rootgrooty, hence £ < m.
(c¢) By Corollary 8.2, h > rooty. O
9 Exponent Bounds

It remains to show that the prescribed exponent bound is uniformly satisfied. Two
technical lemmas will be required:

Lemma 9.1 Let z,2',y € R with |1 &ay?| < 1/2 and expo(a’) = expo(x). Then
(a) lexpo(y)| < |expo(x)|/2 + 2;
(b) lexpo(a’y)| < |expo(x)|/2+ 3.

Proof: Since 1/2 < ay? < 3/2,
&l = expo(1/2) < expo(xy?) < expo(3/2) = 0.
Thus, by Lemma 2.11,

2expo(y) + expo(z))|
< |2eapoly) Seapo(y?®)] + |expo(y?) + expo(a) Sexpo(ey?)| + |expo(ay?)]
< 14141=3,

hence 2]expo(y)| < |expo(x)| 4 3, which implies (a).
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For the proof of (b), we have

2expo(a’y)] < 2lexpo(a’y) & (expo(a’) + expo(y))|
+|2expo(y) + expo(a’)| + |expo(a’)]
= 2lexpo(a’y) &(expo(z’) + expo(y))|
+[2expo(y) + expo(z)| + |expo(z)]
< 24 3+ |expo(z)].0

Lemma 9.2 Letz,y € R and n € Z*, n > 1. If v and y are n-exact, then
lexzpo(z 9)| < maz(|ezpo(a)], lezpo(y)]) + n &1
Proof: First suppose that 2y < 0. Then we may assume z > 0 and y < 0, hence
0<z<zey<2mar(z,sy)
and
expo(z) < expo(z &y) < expo(2maz(x, vy)) < maz(|lexpo(z)|, |expo(y)|)+ 1.

Thus, we may assume that zy > 0 and, without loss of generality, that y > a > 0.
But then by Corollary 2.19,

expo(y) > expo(y <x) > expo(z) + 1 <n.0
Theorem 1 will follow from our final lemmas:

Lemma 9.3 If P is a non-negative generalized (64, 15)-floating point number, mode
is an IEEE rounding mode, prec € Z*, and prec < 64, then FSQRT executes
successfully on (P, mode, prec).

Proof: It is evident by inspection that the value of every numerical expression
occurring in the program is 64-exact. Thus, we need only show that no value is
generated with an exponent outside of the interval [1 <2716 216]. We begin with
the observation that |ezpo(P)| < 2'°, which is clearly implied by the hypothesis,
and proceed by considering each assignment statement in turn. The proofis a series
of applications of Lemmas 9.1 and 9.2.

We begin with the bindings generated during the first Newton-Raphson itera-
tion. Since expo( P,) = expo(P), |expo(Py)| < 215. Furthermore, by Lemma 4.2,

lexpo(ro)| < |expo(P)|/2+2 < 21 42

and
lexpo(so)| < |expo(roPr)| + 1 < |expo(P)|/2+3 +1 <21 4 4.

46



This in turn implies
lexpo(ty)| < |expo(rg)| +1+1 <2 44
and
lexpo(ug)| < |expo(soro)| + 1 < |expo(so)| + |expo(re)| +2 < 2'° + 8.
Thus,
lezpo(vo)| < |expo(3 ©ug)| + 1 < maz(|expo(ug)|, 1)+ 31 + 1 < 2% 4 40.
Finally, by Lemma 5.2,
lexpo(ry)| < |lexpo(P)|/2 +2 < 2™ 4 2.

The variables involved in the second and third iterations are handled similarly.
Next, by Lemma 5.4, we have

lcapo(g)] = [expo(raP)| < lexpo(P)|/243 < 2" +3

and
lexpo(qo)| < |expo(rsP)| + 1 < 214 4 4.
Thus,
lexpo( Py)| = |exp0(q3)| < 2lexpo(qo)| + 1 < 215 1 9
and

lexpo(remg)| < |expo(P<Py)|+1 < max(|expo(P)|, |expo( Po)|)+63+1 < 2% 73,
We may assume that execution continues with the refinement phase. Thus,
lexpo(diff)] = |expo(q ©qo)| < max(lexpo(q)l. lexpo(qo)|) + 63 < 2 + 67,

lezpo(ga)| < |expo(qo)| + 1 < 2M 4 5,
lexpo(prod)| < |expo(qadif )] + 1 < |expo(qz)| + |expo(dif )] +2 < 2° + 74,
lexpo(sq)| < |expo(dif f2)| + 1 < 2|expo(dif f)| + 2 < 2'° + 136,
lexpo(tz)| < |expo(rs)| + 1+ 1 <21 44,

maz(|expo(remg)|, [expo(prod)|) 4+ 63
215 4 137,

lexpo(remy)| = |expo(remg <prod)| <
<

lexpo(rems)| = |expo(remy ©sq)| < max(|expo(remy)|, lexpo(sq)|)+63 < 25 +200,
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and
lexzpo(res)| = |expo(remats)| < |expo(rems)| + |expo(ts)] + 1 < 2% 4+ 21 4 205,
Since ¢ < ¢ + res < 2¢, we have
lexpo(q + res)| < |expo(q)] + 1 < 2 + 4.

Thus, for i = 0,1, and 2, |expo(root;)| < 214 + 5. Continuing, we have
lezpo(used)| = |expo(rooty <q)| < maz(|expo(rooty)|, |expo(q)|) + 63 < 2™ + 68,
lexpo(end)| = |expo(res Sused)| < maz(|expo(res)|, |expo(used)|)+ 63

< 21 421 4 968,

|expo(aeb)| = |expo(ulp)| < |expo(rooto)| + 63 < 2'* 4 68,

and
lexpo(bits)| = 0.

In each of the boundary cases, we have for some mode and some ¢ and j,

|€$P0(d€t)| = |696p0(7‘nd(7‘00tﬂ‘00tjmode,64))|
< expo(roots)| + |expo(root ;)| +2 < 215 + 12.

In the boundary case for mode = near, we must also observe that
lexpo(ends)| = |eacp0(11—6end)| < lexpo(end)| + 4 < 2% 4 21 4 272,
Finally, since ¢* < P < (2¢)?, we have
rnd(q, mode, prec) < sqrt < rnd(2q, mode, prec),
and hence

mazx(|expo(rnd(q, mode, prec))|, |expo(rnd(2q, mode, prec))|)
lexzpo(q)| + 2 < 2 4 5.0

lexpo(sqrt)
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10 Modification of the Algorithm

It was mentioned in our introduction that a minor modification of the original K5
square root algorithm was required to produce the final version presented here. We
conclude with a discussion of this modification and AMD’s decision to adopt it.

The modification was a change in the rounding mode used in the computation
of the variable res: originally, trunc was used instead of odd. The purpose of this
variable was to produce an approximation ¢+ res that represented an improvement
over ¢ while ensuring the inequality ¢ + res < /P, which was exploited in the
subsequent analysis. In our attempt to formalize this analysis, we found that it
depended on the assumption that ¢ + res was not 64-exact, which we were unable
to justify. A violation of this assumption, however improbable, would have the
disastrous consequences rooty = rooty = rooty and ulp = 0, a possibility that had
not been considered by the designers of the algorithm.

Although this assumption has been recognized by the designers as an oversight,
it remains unclear that it is incorrect, since we have been unable to exhibit a coun-
terexample. To see why this may be difficult, note that ¢ and res are both computed
with 64-bit precision, and by Lemma 7.6, the exponents of these numbers differ by
38 or more. Thus, in order for ¢ + res to be 64-exact, the least significant 38 bits
of res must all be 0. Since there is no apparent reason for this to be any more or
less probable than the occurrence of any other sequence of 38 bits, it is reasonable
to suppose that this will occur with probability 273, Following this line, we would
expect the algorithm to fail at most once in 2°® executions, assuming randomly
distributed inputs. It is not surprising, therefore, that failure was not observed
in simulation. Moreover, since there is no obvious correlation between this 38-bit
sequence and the properties of the input P, it should be no more surprising that we
have been unable to engineer a counterexample.

The decision to modify the implementation was not clear at first, but became
easier when Tom Lynch proposed an elegant solution. Although the solution intro-
duced a new rounding mode, odd, which increased the complexity of proof, it did
not affect the cycle count of the instruction.

With this modification, it was clear that ¢ + res could not be 64-exact (Corol-
lary 7.9), and according to Lynch’s intuition, the critical properties of the approxi-
mation were preserved even though the inequality ¢+ res < v/P was no longer true.
Indeed, the weaker inequality given by Corollary 7.10 was found to be sufficient.
Thus, the final result was both provably correct and efficiently implemented.
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